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Abstract

In this dissertation we consider several suboptimal policies for the stochastic control

problem with discounted objective and full state information. In the general case,

this problem is difficult to solve exactly. However, solutions can be found for certain

special cases. When the state and action spaces are finite, for example, the problem

is readily solved [13]. Another such case is when the state and action spaces are finite

dimensional real vector spaces, the system dynamics are linear, the cost function is

convex quadratic, and there are no constraints on the action or the state. In this case

optimal control policy is affine in the state variable, with coefficients that are readily

computable [13,16,25,98].

One general method for finding the optimal control policy is to use dynamic

programming (DP). DP relies on characterizing the value-function of the stochastic

control problem. The value function evaluated at a state is the expected cost incurred

by an optimal policy starting from that state. The optimal policy can be written as

an optimization problem involving the value function [13, 16, 18]. However, due to

the ‘curse of dimensionality’, even representing the value function can be intractable

when the state or action spaces are infinite, or as a practical matter, when the number

of states or actions is very large. Even in cases where the value function can be

represented, evaluating the optimal policy may still be intractable. In such cases a

common alternative is to use approximate dynamic programming (ADP) [19,143,179].

In ADP we replace the true value function with an approximate value function in the

expression for the optimal policy. The goal is to choose the approximate value function

so that the performance of the resulting policy is close to optimal, or at least, good.

In the first part of this dissertation we develop two ADP control policies which
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we refer to as the min-max ADP policy and the iterated approximate value function

(AVF) policy respectively. Both of these policies rely on our ability to parameterize

a family of lower bounds on the true value function of the stochastic control problem.

The condition we use to parameterize our family of lower bounds is related to the

‘linear programming approach’ to ADP, which was first introduced by Manne in

1960 [118], and extended to approximate dynamic programming in [47, 159]. The

basic idea is that any function which satisfies the Bellman inequality is a pointwise

lower bound on the true value function [13,16].

The min-max ADP policy uses the pointwise supremum of the family of lower

bounds as a surrogate value function. Evaluating the control policy involves the so-

lution of a min-max or saddle-point problem. For the iterated AVF policy we first

develop a sequence of approximate value functions which are optimized to a trajectory

of states, we then perform control at each time-step using the corresponding mem-

ber of the sequence. The trajectory and approximate value functions are generated

simultaneously as the solutions and dual variables to a single convex optimization

problem.

For the class of problems we consider, finding the control action under either

policy requires solving a convex optimization problem. For the min-max ADP policy

we solve a semidefinite program (SDP) [26, 30] at each time-step. The iterated AVF

policy requires solving a single SDP offline, and then solving a much smaller convex

problem at each iteration.

Model predictive control (MPC) is a widespread technique for generating a sub-

optimal control policy that often performs very well in practice [37, 64, 76, 105, 117,

125, 162, 184]. In the second part of this dissertation we introduce a new algorithm

for solving optimal control problems, of which model predictive control is a special

case. The algorithm, which we refer to as operator splitting for control (OSC), solves

MPC problems quickly and robustly. In many cases the resulting algorithm can be

implemented in fixed-point arithmetic and is thus suitable for embedded applica-

tions. The algorithm relies on an operator splitting technique, referred to as the

alternating direction method of multipliers (ADMM), or as Douglas-Rachford (D-R)

splitting [28,57,62,63,70].
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The third part of this document investigates the efficacy and computational bur-

den of the suboptimal policies we developed in earlier sections through an in-depth

multi-period portfolio optimization example [1, 55, 94, 141, 166, 191]. We exhibit a

lower bound on the performance (our problem statement involves minimizing an ob-

jective) which we compare to two of the policies detailed in the previous chapters.

We present timing results and demonstrate that the performance for both policies is

very close to the lower bound and thus very close to optimal for several numerical

instances.
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Chapter 1

Overview

1.1 Outline

This document is organized into three parts. Part I gives a high-level overview of

the content of this thesis. Part II describes two particular approximate dynamic

programming control policies which we refer to as the min-max ADP policy [135]

and the iterated approximate value function policy [139]. In Part III we describe an

operator splitting algorithm for solving optimal control problems (for which model

predictive control is a special case) quickly and robustly. We refer to this algorithm

as operator splitting for control [138]. Part IV presents the particular example of

finite horizon multi-period portfolio optimization [27]. We apply some of the policies

discussed in previous chapters and discuss results. Finally in part V we conclude and

discuss possible extensions.

The material for chapters 2-5 was taken from a series of papers. Therefore, each

chapter is self-contained and can be read independently (however, as a result back-

ground material is duplicated in some chapters).

The material for part II was taken from the following two papers:

B. O’Donoghue, Y. Wang, and S. Boyd. Min-max approximate dynamic pro-

gramming. Proceedings IEEE Multi-Conference on Systems and Control, pages

424-431, September 2011. Available at:

2



CHAPTER 1. OVERVIEW 3

http://www.stanford.edu/~boyd/papers/min_max_ADP.html.

B. O’Donoghue, Y. Wang, and S. Boyd. Iterated approximate value functions.

Submitted to European Control Conference, 2012. Manuscript available at:

http://www.stanford.edu/~boyd/papers/it_avf.html.

The content for part III was taken from:

B. O’Donoghue, G. Stathopoulos, and S. Boyd. A splitting method for opti-

mal control. Submitted to IEEE Transactions on Control Systems Technology.

Manuscript available at:

http://www.stanford.edu/~boyd/papers/oper_splt_ctrl.html.

The content for part IV was taken from:

S. Boyd, M. Mueller, B. O’Donoghue, and Y. Wang. Performance Bounds and

Suboptimal Policies for Multi-Period Investment. Submitted to SIAM Journal

on Financial Mathematics. Manuscript available at:

http://www.stanford.edu/~boyd/papers/port_opt_bound.html.

1.2 Prior and related work

Each chapter in this thesis includes an accompanying section detailing the related

literature relevant to that material. Here we describe some important work related

to the overall theme of this dissertation.

This thesis concerns stochastic control and the approximate solution methodolo-

gies referred to as approximate dynamic programming (ADP) and model predictive

control (MPC). The study of these fields goes back many years and a full treatment

of the literature would be prohibitively long. Instead we direct the interested reader

to some standard texts in the field. For a general overview of stochastic control

see [13, 14, 16, 18]. Dynamic programming (DP) is a general technique for solving

http://www.stanford.edu/~boyd/papers/min_max_ADP.html
http://www.stanford.edu/~boyd/papers/it_avf.html
http://www.stanford.edu/~boyd/papers/oper_splt_ctrl.html
http://www.stanford.edu/~boyd/papers/port_opt_bound.html


CHAPTER 1. OVERVIEW 4

stochastic control problems, [9, 50, 145, 153, 184], however for most problems of in-

terest DP is intractable. However, solutions can be found for certain special cases.

When the state and action spaces are finite, for example, the problem is readily

solved [13]. Another such case is when the state and action spaces are finite dimen-

sional real vector spaces, the system dynamics are linear, the cost function is convex

quadratic, and there are no constraints on the action or the state. In this case op-

timal control policy is affine in the state variable, with coefficients that are readily

computable [13,16,25,98].

This thesis is primarily concerned with stochastic control problems that cannot

be solved exactly and so we must resort to suboptimal policies. In this document we

discuss several different policies which can be computed efficiently and perform well

in practice. The first two policies we develop in part I of this dissertation are forms

of approximate dynamic programming [16, 19, 47, 48, 118, 143]. These techniques rely

on the parameterization of an approximate value function that is simple to represent

and easy to optimize. The second policy we examine is referred to as model predictive

control (which can be considered as a particular special case of approximate dynamic

programming). MPC is commonly used in practice and often exhibits very good

performance [37, 64, 76, 105, 117, 125, 162, 184], although it may be computationally

expensive to carry out. In MPC at each iteration we solve an open loop problem

with a finite horizon to generate a planned trajectory. We take the first action in this

trajectory advance to the next iteration and repeat. Part II of this document develops

a new algorithm to solve MPC problems quickly and robustly. The algorithm we use

is a form of operator splitting, known as Douglas-Rachford splitting or the alternating

direction method of multipliers (ADMM) [28,57,62,63,70].

Throughout this document we make use of recent advances in convex optimization.

Typically, for the policies we discuss, the control action at each time-period will

be found by solving a convex optimization problem. For a general introduction to

convex optimization see, [17, 24, 30, 131]. For details on convex analysis see [88, 151].

For discussion on numerical algorithms for solving convex optimization problems see

[116,133,134,154,188,189]. For linear algebra and numerical methods see [49,87,172].
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Chapter 2

Min-Max Approximate Dynamic

Programming

In this chapter we describe an approximate dynamic programming policy for a discrete-

time dynamical system perturbed by noise. The approximate value function is the

pointwise supremum of a family of lower bounds on the value function of the stochas-

tic control problem; evaluating the control policy involves the solution of a min-max

or saddle-point problem. For a quadratically constrained linear quadratic control

problem, evaluating the policy amounts to solving a semidefinite program at each

time step. By evaluating the policy, we obtain a lower bound on the value function,

which can be used to evaluate performance: When the lower bound and the achieved

performance of the policy are close, we can conclude that the policy is nearly optimal.

We describe several numerical examples where this is indeed the case.

2.1 Introduction

We consider an infinite horizon stochastic control problem with discounted objective

and full state information. In the general case this problem is difficult to solve, but

exact solutions can be found for certain special cases. When the state and action

spaces are finite, for example, the problem is readily solved. Another case for which

the problem can be solved exactly is when the state and action spaces are finite

6
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dimensional real vector spaces, the system dynamics are linear, the cost function is

convex quadratic, and there are no constraints on the action or the state. In this case

optimal control policy is affine in the state variable, with coefficients that are readily

computable [13,16,25,98].

One general method for finding the optimal policy is to use dynamic programming

(DP). DP represents the optimal policy in terms of an optimization problem involving

the value function of the stochastic control problem [13,16, 18]. However, due to the

‘curse of dimensionality’, even representing the value function can be intractable when

the state or action spaces are infinite, or as a practical matter, when the number of

states or actions is very large. Even when the value function can be represented, eval-

uating the optimal policy can still be intractable. As a result approximate dynamic

programming (ADP) has been developed as a general method for finding suboptimal

control policies [19, 143, 179]. In ADP we substitute an approximate value function

for the value function in the expression for the optimal policy. The goal is to choose

the approximate value function (also known as a control-Lyapunov function) so that

the performance of the resulting policy is close to optimal, or at least, good.

In this chapter we develop a control policy which we call the min-max approximate

dynamic programming policy. We first parameterize a family of lower bounds on the

true value function; then we perform control, taking the pointwise supremum over

this family as our approximate value function. The condition we use to parameterize

our family of bounds is related to the ‘linear programming approach’ to ADP, which

was first introduced in [118], and extended to approximate dynamic programming

in [47,159]. The basic idea is that any function which satisfies the Bellman inequality

is a lower bound on the true value function [13,16].

It was shown in [180] that a better lower bound can be attained via an iterated

chain of Bellman inequalities, which we use here. We relate this chain of inequalities

to a forward look-ahead in time, in a similar sense to that of model predictive control

(MPC) [64, 117]. Indeed many types of MPC can be thought of as performing min-

max ADP with a particular (generally affine) family of underestimator functions.

In cases where we have a finite number of states and inputs, evaluating our policy

requires solving a linear program at every time step. For problems with an infinite
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number of states and inputs, the method requires the solution of a semi-infinite linear

program, with a finite number of variables, but an infinite number of constraints (one

for every state-control pair). For these problems we can obtain a tractable semidefinite

program (SDP) approximation using methods such as the S-procedure [179, 180].

Evaluating our policy then requires solving an SDP at each time step [26,30].

Much progress has been made in solving structured convex programs efficiently

(see, e.g., [122, 123, 181, 182]). These fast optimization methods make our policies

practical, even for large problems, or those requiring fast sampling rates.

2.2 Stochastic control

Consider a discrete time-invariant dynamical system, with dynamics described by

xt+1 = f(xt, ut, wt), t = 0, 1, . . . , (2.1)

where xt ∈ X is the system state, ut ∈ U is the control input or action, wt ∈ W is

an exogenous noise or disturbance, at time t, and f : X × U ×W → X is the state

transition function. The noise terms wt are independent identically distributed (IID),

with known distribution. The initial state x0 is also random with known distribution,

and is independent of wt. We consider causal, time-invariant state feedback control

policies

ut = φ(xt), t = 0, 1, . . . ,

where φ : X → U is the control policy or state feedback function.

The stage cost is given by ` : X × U → R ∪ {+∞}, where the infinite values of `

encode constraints on the states and inputs: The state-action constraint set C ⊂ X×U
is C = {(z, v) | `(z, v) <∞}. (The problem is unconstrained if C = X × U .)

The stochastic control problem is to choose φ in order to minimize the infinite

horizon discounted cost

Jφ = E
∞∑
t=0

γt`(xt, φ(xt)), (2.2)

where γ ∈ (0, 1) is a discount factor. The expectations are over the noise terms wt,
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t = 0, 1, . . ., and the initial state x0. We assume here that the expectation and limits

exist, which is the case under various technical assumptions [13, 16]. We denote by

J? the optimal value of the stochastic control problem, i.e., the infimum of Jφ over

all policies φ : X → U .

2.2.1 Dynamic programming

In this section we briefly review the dynamic programming characterization of the

solution to the stochastic control problem. For more details, see [13,16].

The value function of the stochastic control problem, V ? : X → R∪{∞}, is given

by

V ?(z) = inf
φ

E

( ∞∑
t=0

γt`(xt, φ(xt))

)
,

subject to the dynamics (2.1) and x0 = z; the infimum is over all policies φ : X → U ,

and the expectation is over wt for t = 0, 1, . . .. The quantity V ?(z) is the cost

incurred by an optimal policy, when the system is started from state z. The optimal

total discounted cost is given by

J? = E
x0
V ?(x0),

where x0 ∈ X is the initial state. It can be shown that the value function is the

unique fixed point of the Bellman equation

V ?(z) = inf
v

(
`(z, v) + γE

w
V ?(f(z, v, w)

)

for all z ∈ X . We can write the Bellman equation in the form

V ? = T V ?, (2.3)

where we define the Bellman operator T as

(T g)(z) = inf
v

(
`(z, v) + γE

w
g(f(z, v, w))

)
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for any g : X → R ∪ {+∞}.
An optimal policy for the stochastic control problem is given by

φ?(z) = argmin
v

(
`(z, v) + γE

w
V ?(f(z, v, w))

)
, (2.4)

for all z ∈ X .

2.2.2 Approximate dynamic programming

In many cases of interest, it is intractable to compute (or even represent) the value

function V ?, let alone carry out the minimization required evaluate the optimal pol-

icy (2.4). In such cases, a common alternative is to replace the value function with

an approximate value function V̂ [19, 143,179]. The resulting policy, given by

φ̂(z) = argmin
v

(
`(z, v) + γE

w
V̂ (f(z, v, w))

)
,

for all z ∈ X , is called an approximate dynamic programming (ADP) policy. Clearly,

when V̂ = V ?, the ADP policy is optimal. The goal of approximate dynamic program-

ming is to find a V̂ for which the ADP policy can be easily evaluated (for instance, by

solving a convex optimization problem), and also attains near-optimal performance.

2.3 Min-max approximate dynamic programming

We consider a family of linearly parameterized (candidate) value functions Vα : X →
R,

Vα =
K∑
i=1

αiV
(i), (2.5)

where α ∈ RK is a vector of coefficients and V (i) : X → R are fixed basis functions.

Now suppose we have a set A ⊂ RK for which

Vα(z) ≤ V ?(z), ∀z ∈ X , ∀α ∈ A.
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Thus {Vα | α ∈ A} is a parameterized family of underestimators of the value function.

(We will discuss how to obtain such a family later.) For any α ∈ A we have

Vα(z) ≤ sup
α∈A

Vα(z) ≤ V ?(z), ∀z ∈ X ,

i.e., the pointwise supremum over the family of underestimators must be at least as

good an approximation of V ? as any single function from the family. This suggests

the ADP control policy

φ̃(z) = argmin
v

(
`(z, v) + γE

w
sup
α∈A

Vα(f(z, v, w))

)
,

where we use supα∈A Vα(z) as an approximate value function. Unfortunately, this

policy may be difficult to evaluate, since evaluating the expectation of the supremum

can be hard, even when evaluating EVα(f(z, v, w)) for a particular α can be done.

Our last step is to exchange expectation and supremum to obtain the min-max

control policy

φmm(z) = argminv supα∈A(`(z, v)

+γEw Vα(f(z, v, w)))
(2.6)

for all z ∈ X . Computing this policy involves the solution of a min-max or saddle-

point problem, which we will see is tractable in certain cases. One such case is where

the function `(z, v) + Ew Vα(f(z, v, w)) is convex in v for each z and α and the set A
is convex.
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2.3.1 Bounds

The optimal value of the optimization problem in the min-max policy (2.6) is a lower

bound on the value function at every state. To see this we note that

infv supα∈A

(
`(z, v) + γEVα(f(z, u, w))

)
≤ infv

(
`(z, v) + γE supα∈A Vα(f(z, u, w))

)
≤ infv

(
`(z, v) + γEV ?(f(z, u, w))

)
= (T V ?)(z) = V ?(z),

where the first inequality is due to Fatou’s lemma [38], the second inequality follows

from the monotonicity of expectation, and the equality comes from the fact that V ?

is the unique fixed point of the Bellman operator.

Using the pointwise bounds, we can evaluate a lower bound on the optimal cost

J? via Monte Carlo simulation:

J lb = (1/N)
N∑
j=1

V lb(zj)

where z1, . . . , zN are drawn from the same distribution as x0 and V lb(zj) is the lower

bound we get from evaluating the min-max policy at zj.

The performance of the min-max policy can also be evaluated using Monte Carlo

simulation, and provides an upper bound on the optimal cost, which we shall denote

by Jub. Ignoring Monte Carlo error we have

J lb ≤ J? ≤ Jub.

Theses upper and lower bounds on the optimal value of the stochastic control problem

are readily evaluated numerically, through simulation of the min-max control policy.

When J lb and Jub are close, we can conclude that the min-max policy is almost

optimal. We will use this technique to evaluate the performance of the min-max

policy for our numerical examples.
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2.3.2 Evaluating the min-max control policy

Evaluating the min-max control policy often requires exchanging the order of mini-

mization and maximization. For any function f : Rp ×Rq → R and sets W ⊆ Rp,

Z ⊆ Rq, the max-min inequality states that

sup
z∈Z

inf
w∈W

f(w, z) ≤ inf
w∈W

sup
z∈Z

f(w, z). (2.7)

In the context of the min-max control policy, this means we can swap the order

of minimization and maximization in (2.6) and maintain the lower bound property.

To evaluate the policy, we solve the optimization problem

maximize infv (`(z, v) + γEw Vα(f(z, v, w)))

subject to α ∈ A
(2.8)

with variable α. If A is a convex set, (2.8) is a convex optimization problem, since

the objective is the infimum over a family of affine functions in α, and is therefore

concave. In practice, solving (2.8) is often much easier than evaluating the min-max

control policy directly.

In addition, if there exist w̃ ∈ W and z̃ ∈ Z such that

f(w̃, z) ≤ f(w̃, z̃) ≤ f(w, z̃),

for all w ∈ W and z ∈ Z, then we have the strong max-min property (or saddle-point

property) and (2.7) holds with equality. In such cases the problems (2.6) and (2.8)

are equivalent, and we can use Newton’s method or duality considerations to solve

(2.6) or (2.8) [12,30].

2.4 Iterated Bellman inequalities

In this section we describe how to parameterize a family of underestimators of the

true value function. The idea is based on the Bellman inequality, [47, 179, 180], and

results in a convex condition on the coefficients α that guarantees Vα ≤ V ?.
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2.4.1 Basic Bellman inequality

The basic condition works as follows. Suppose we have a function V : X → R, which

satisfies the Bellman inequality

V ≤ T V. (2.9)

Then by the monotonicity of the Bellman operator, we have

V ≤ lim
k→∞
T kV = V ?,

so any function that satisfies the Bellman inequality must be a value function under-

estimator. Applying this condition to Vα and expanding (2.9) we get

Vα(z) ≤ inf
v

(
`(z, v) + γE

w
Vα(f(z, v, w))

)
,

for all z ∈ X . For each z, the left-hand side is linear in α since it is of the form given

in eq. (2.5), and the right-hand side is a concave function of α, since it is the infimum

over a family of affine functions. Hence, the Bellman inequality leads to a convex

constraint on α.

2.4.2 Iterated Bellman inequalities

We can obtain better (i.e., larger) lower bounds on the value function by considering

an iterated form of the Bellman inequality [180]. Suppose we have a sequence of

functions Vi : X → R, i = 0, . . . ,M , that satisfy a chain of Bellman inequalities

V0 ≤ T V1, V1 ≤ T V2, . . . VM−1 ≤ T VM , (2.10)

with VM−1 = VM . Then, using similar arguments as before we can show V0 ≤ V ?.

Restricting each function to lie in the same subspace

Vi =
K∑
j=1

αijV
(j),
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we see that the iterated chain of Bellman inequalities also results in a convex con-

straint on the coefficients αij. Hence the condition on α0j, j = 1, . . . , K, which

parameterizes our underestimator V0, is convex. It is easy to see that the iterated

Bellman condition must give bounds that are at least as good as the basic Bellman

inequality, since any function that satisfies (2.9) must be feasible for (2.10) [180].

2.5 Examples

2.5.1 Box constrained linear quadratic control

This section follows a similar example presented in [180]. We have X = Rn, U = Rm,

with linear dynamics

xt+1 = Axt +But + wt,

where A ∈ Rn×n and B ∈ Rn×m. The noise has zero mean, Ewt = 0, and covariance

Ewtw
T
t = W . (Our bounds and policy will only depend on the first and second

moments of wt.) The stage cost is given by

`(z, v) =

 vTRv + zTQz, ‖v‖∞ ≤ 1

+∞, ‖v‖∞ > 1,

where R = RT � 0, Q = QT � 0.

Iterated Bellman inequalities

We look for convex quadratic approximate value functions

Vi(z) = zTPiz + 2pTi z + si, i = 0, . . . ,M,

where Pi = P T
i � 0, pi ∈ Rn and ri ∈ R, are the coefficients of our linear parameter-

ization. The iterated Bellman inequalities are

Vi−1(z) ≤ `(z, v) + γEVi(Az +Bv + w),
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for all ‖v‖∞ ≤ 1, z ∈ Rn, i = 1, . . . ,M . Defining

Si =


0 0 0

0 Pi pi

0 pTi si

 , L =


R 0 0

0 Q 0

0 0 0

 ,

Gi =


BTPiB BTPiA BTpi

ATPiB ATPiA ATpi

pTi B pTi A Tr(PiW ) + si

 ,

for i = 0, . . . ,M , we can write the Bellman inequalities as a quadratic form in (v, z, 1)


v

z

1


T

(L+ γGi − Si−1)


v

z

1

 ≥ 0, (2.11)

for all ‖v‖∞ ≤ 1, z ∈ Rn, i = 1, . . . ,M .

We will obtain a tractable sufficient condition for this using the S-procedure [26,

180]. The constraint ‖v‖∞ ≤ 1 can be written in terms of quadratic inequalities

1− vT (eie
T
i )v ≥ 0, i = 1, . . . ,m,

where ei denotes the ith unit vector. Using the S-procedure, a sufficient condition

for (2.11) is the existence of diagonal matrices Di � 0, i = 1, . . . ,M for which

L+ γGi − Si−1 + Λi � 0, i = 1, . . .M, (2.12)

where

Λi =


Di 0 0

0 0 0

0 0 −Tr(Di)

 . (2.13)

Finally we have the terminal constraint, SM−1 = SM .
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Min-max control policy

For this problem, it is easy to show that the strong max-min property holds, and

therefore problems (2.6) and (2.8) are equivalent. To evaluate the min-max control

policy we solve problem (2.8), which we can write as

maximize infv(`(z, v) + γEw V0(Az +Bv + w))

subject to (2.12), SM−1 = SM , P0 � 0

Pi � 0, Di � 0, i = 1, . . . ,M,

with variables Pi, pi, si, i = 0, . . . ,M , and diagonal Di, i = 1, . . . ,M . We will

convert this max-min problem to a max-max problem by forming the dual of the

minimization part. Introducing a diagonal matrix D0 � 0 as the dual variable for the

box constraints, we obtain the dual function

inf
v


v

z

1


T

(L+ γG0 − Λ0)


v

z

1

 ,

where Λ0 has the form given in (2.13). We can minimize over v analytically. If we

block out the matrix L+ γG0 − Λ0 as

(L+ γG0 − Λ0) =

 M11 M12

MT
12 M22

 (2.14)

where M11 ∈ Rm×m, then

v? = −M−1
11 M12

 z

1

 .
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Thus our problem becomes

maximize

 z

1

 (M22 −MT
12M

−1
11 M12)

 z

1


subject to (2.12), SM−1 = SM

Pi � 0, Di � 0, i = 0, . . . ,M,

which is a convex optimization problem in the variables Pi, pi, ri, Di, i = 0, . . . ,M ,

and can be solved as an SDP.

To implement the min-max control policy, at each time t, we solve the above

problem with z = xt, and let

ut = −M?−1
11 M?

12

 xt

1

 ,
where M?

11 and M?
12 denote the matrices M11 and M12, computed from P ?

0 , p?0, s
?
0, D

?
0.

Interpretations

We can easily verify that the dual of the above optimization problem is a variant

of model predictive control, that uses both the first and second moments of the

state. In this context, the number of iterations, M , is the length of the prediction

horizon, and we can interpret our lower bound as a finite horizon approximation to

an infinite horizon problem, which underestimates the optimal infinite horizon cost.

The S-procedure relaxation also has a natural interpretation: in [66], the author

obtains similar LMIs by relaxing almost sure constraints into constraints that are

only required to hold in expectation.

Numerical instance

We consider a numerical example with n = 8, m = 3, and γ = 0.9. The parameters Q,

R, A andB are randomly generated; we set ‖B‖ = 1 and scale A so that max |λi(A)| =
1 (i.e., so that the system is marginally stable). The initial state x0 is Gaussian, with

zero mean.
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Policy / Bound Value

MPC policy 1.3147

Min-max policy 1.3145

Lower bound 1.3017

Table 2.1: Performance comparison, box constrained example.

Table 2.1 shows the performance of the min-max policy and certainty equivalent

MPC, both with horizons of M = 15 steps, as well as the lower bound on the optimal

cost. In this case, both the min-max policy and MPC are no more than around 1%

suboptimal, modulo Monte Carlo error.

2.5.2 Dynamic portfolio optimization

In this example, we manage a portfolio of n assets over time. Our state xt ∈ Rn is

the vector of dollar values of the assets, at the beginning of investment period t. Our

action ut ∈ Rn represents buying or selling assets at the beginning of each investment

period: (ut)i > 0 means we are buying asset i, for dollar value (ut)i, (ut)i < 0 means

we sell asset i. The post-trade portfolio is then given by xt + ut, and the total gross

cash put in is 1Tut, where 1 is the vector with all components one.

The portfolio propagates over time (i.e., over the investment period) according to

xt+1 = At(xt + ut)

where At = diag(ρt), and (ρt)i is the (total) return of asset i in investment period t.

The return vectors ρt are IID, with first and second moments

E(ρt) = µ, E(ρtρ
T
t ) = Σ.

(Here too, our bounds and policy will only depend on the first and second moments

of ρt.) We let Σ̂ = Σ− µµT denote the return covariance.
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We now describe the constraints and objective. We constrain the risk of our post-

trade portfolio, which we quantify as the portfolio return variance over the period:

(xt + ut)
T Σ̂(xt + ut) ≤ l,

where l ≥ 0 is the maximum variance (risk) allowed. Our action (buying and selling)

ut incurs a transaction cost with an absolute value and a quadratic component. This

cost is given by κT |u| + uTRu, where κ ∈ Rn
+ is the vector of linear transaction

cost rates (and |u| is taken to mean elementwise), and R ∈ Rn×n, which is diagonal

with positive entries, contains the quadratic transaction cost coefficients. Linear

transactions costs are used to model effects such as crossing the bid-ask spread or

brokerage fees, while quadratic transaction costs can model the effect of price-impact.

Thus at time t, we put into our portfolio the net cash amount

g(ut) = 1Tut + κT |ut|+ uTt Rut.

(When this is negative, it represents revenue.) The first term is the gross cash in from

purchases and sales; the second and third terms are the transaction fees. The stage

cost, including the risk limit, is

`(z, v) =


g(v), (z + v)T Σ̂(z + v) ≤ l

+∞, otherwise.

Our goal is to minimize the discounted cost (or equivalently, to maximize the dis-

counted revenue). In this example, the discount factor has a natural interpretation

as reflecting the time value of money.

Iterated Bellman Inequalities

We incorporate another variable, y ∈ Rn, to remove the absolute value term from the

stage cost function, and add the constraints

− (yt)i ≤ (vt)i ≤ (yt)i, i = 1, . . . , n. (2.15)
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We define the stage cost with these new variables to be

`(z, v, y) = 1Tv + κTy + (1/2)vTRv + (1/2)yTRy

for (z, v, y) that satisfy

− y ≤ v ≤ y, (z + v)Σ̂(z + v) ≤ l, (2.16)

and +∞ otherwise. Here, the first set of inequalities is interpreted elementwise.

We look for convex quadratic candidate value functions, i.e.

Vi(z) = zTPiz + 2pTi z + si, i = 0, . . . ,M,

where Pi � 0, pi ∈ Rn, si ∈ R are the coefficients of our linear parameterization.

Defining

L =



R/2 0 0 1/2

0 R/2 0 κ/2

0 0 0 0

1T/2 κT/2 0 0


, Gi =



Pi ◦ Σ 0 Pi ◦ Σ pi ◦ µ

0 0 0 0

Pi ◦ Σ 0 Pi ◦ Σ pi ◦ µ

(pi ◦ µ)T 0 (pi ◦ µ)T 0


,

Si =



0 0 0 0

0 0 0 0

0 0 Pi pi

0 0 pTi si


, i = 0, . . . ,M,

where ◦ denotes the Hadamard product, we can write the iterated Bellman inequalities
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as 

v

y

z

1



T

(L+ γGi − Si−1)



v

y

z

1


≥ 0,

for all (v, y, z) that satisfy (2.16), for i = 1, . . . ,M .

A tractable sufficient condition for the Bellman inequalities is (by the S-procedure)

the existence of λi ≥ 0, νi ∈ Rn
+, τi ∈ Rn

+, i = 1, . . . ,M such that

L+ γGi − Si−1 + Λi � 0, i = 1, . . . ,M, (2.17)

where

Λi =



λiΣ̂ 0 λiΣ̂ νi − τi

0 0 0 νi + τi

λiΣ̂ 0 λiΣ̂ 0

νTi − τTi νTi + τTi 0 −λil


. (2.18)

Lastly we have the terminal constraint, SM−1 = SM .

Min-max control policy

The discussion here follows almost exactly the one presented for the previous example.

It is easy to show that in this case we have the strong max-min property. At each

step, we solve problem (2.8) by converting the max-min problem into a max-max

problem, using Lagrangian duality. We can write problem (2.8) as

maximize infv,y(`(z, v, y) + γEρ V0(A(z + v)))

subject to (2.17), SM−1 = SM

Pi � 0, i = 0, . . . ,M,

with variables Pi, pi, si, i = 0, . . . ,M , and λi ∈ R+, νi ∈ Rn
+, τi ∈ Rn

+, i = 1, . . . ,M .
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Next, we derive the dual function of the minimization part. We introduce variables

λ0 ∈ R+, ν0 ∈ Rn
+, τ0 ∈ Rn

+, which are dual variables corresponding to the constraints

(2.16) and (2.15). The dual function is given by

inf
v,y



v

y

z

1



T

(L+ γG0 + Λ0)



v

y

z

1


,

where Λ0 has the form given in (2.18). If we define

L+ γG0 + Λ0 =

 M11 M12

MT
12 M22

 , (2.19)

where M11 ∈ R2n×2n, then the minimizer of the Lagrangian is

(v?, y?) = −M−1
11 M12

 z

1

 .
Thus our problem becomes

maximize

 z

1

 (M22 −MT
12M

−1
11 M12)

 z

1


subject to (2.17), SM−1 = SM

Pi � 0, i = 0, . . . ,M,

which is convex in the variables Pi, pi, si, i = 0, . . . ,M , and λi ∈ R+, νi ∈ Rn
+,

τi ∈ Rn
+, i = 0, . . . ,M .

To implement the policy, at each time t we solve the above optimization problem
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(as an SDP) with z = xt, and let

ut = −
[
Im 0

]
M?−1

11 M?
12

 xt

1

 ,
where M?

11 and M?
12 denote the matrices M11 and M12, computed from P ?

0 , p?0, s
?
0, λ

?
0,

ν?0 , τ ?0 .

Numerical instance

We consider a numerical example with n = 8 assets and γ = 0.96. The initial portfolio

x0 is Gaussian, with zero mean. The returns follow a log-normal distribution, i.e.,

log(ρt) ∼ N (µ̃, Σ̃). The parameters µ and Σ are given by

µi = exp(µ̃i + Σ̃ii/2), Σij = µiµj exp(Σ̃ij).

Table 2.2 compares the performance of the min-max policy for M = 40 and

M = 5, and certainty equivalent model predictive control with horizon T = 40, over

1150 simulations each consisting of 150 time steps. We can see that the min-max

policy significantly outperforms MPC, which actually makes a loss on average (since

the average cost is positive). The cost achieved by the min-max policy is close to the

lower bound, which shows that both the policy and the bound are nearly optimal.

In fact, the gap is small even for M = 5, which corresponds to a relatively myopic

policy.

Bound / Policy Value

MPC policy, T = 40 25.4

Min-max policy, M = 5 -224.1

Min-max policy, M = 40 -225.1

Lower bound, M = 40 -239.9

Lower bound, M = 5 -242.0

Table 2.2: Performance comparison, portfolio example.
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2.6 Summary

In this chapter we introduced a control policy which we referred to as the min-max

approximate dynamic programming policy. Evaluating this policy at each time step

requires the solution of a min-max or saddle point problem. In addition, our technique

yields a pointwise lower bound on the true value function of the stochastic control

problem, which can used to bound (via Monte Carlo simulation) the performance of

the optimal policy.

We demonstrated the method with two examples where the policy can be evaluated

by solving a convex optimization problem at each time-step. In both examples the

lower bound and the achieved performance are very close, certifying that the min-max

ADP policy is close to optimal.



Chapter 3

Iterated Approximate Value

Functions

In this chapter we introduce a control policy which we refer to as the iterated approx-

imate value function policy. The generation of this policy requires two steps. In the

first step we simultaneously compute a trajectory of moments of the state and action

and a sequence of approximate value functions optimized to that trajectory. This

pre-computation is performed off-line. The next step is to perform control using the

generated sequence of approximate value functions. This amounts to a time-varying

policy, even in the case where the optimal policy is time-invariant.

We restrict our attention to the case with linear dynamics and quadratically rep-

resentable stage cost function. In this scenario the pre-computation stage requires

the solution of a semidefinite program (SDP) which is tractable. Finding the con-

trol action at each time-period requires solving a small convex optimization problem

which can be carried out quickly. We conclude with some examples.

3.1 Introduction

We consider an infinite horizon discounted stochastic control problem with full state

information. In general this problem is difficult to solve exactly, although there are

some special cases in which is is tractable. When the state and action space are

26
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finite and not too large, it is readily solved. Another example is the case of linear

dynamics and convex quadratic stage cost, possibly with linear constraints. In this

case the optimal action is affine in the state variable, and the coefficients are readily

computed.

A general method for solving stochastic control problems is Dynamic Program-

ming (DP). DP relies on characterizing the value-function of the stochastic control

problem. The value function captures the expected cost incurred by an optimal policy

starting from any state. The optimal policy can then be written as an optimization

problem involving the value function. However, in most cases the value function is

hard to represent, let alone compute. Even in cases where this is not the case, it may

be hard to solve the associated optimization problem to obtain the policy.

In such cases a common alternative is to use Approximate Dynamic Programming

(ADP). In ADP the value function is replaced with a surrogate function, often re-

ferred to as an approximate value function (AVF). The approximate policy is found

by solving the policy optimization problem, where we replace the true value func-

tion with the surrogate. The goal, then, in ADP is to choose an approximate value

function so that the problem of computing the approximate policy is tractable and

the approximate policy performs well. In this chapter, we introduce an approximate

dynamic programming policy, in which, however, the surrogate function we use to

find the control action changes at each time-step.

The policy we develop in this chapter relies on parameterizing a family of lower

bounds on the true value function. The condition we use to guarantee lower-boundedness

is referred to as the iterated Bellman inequality [180], and is related to the ‘linear

programming approach’ to ADP [47, 118, 159]. In a series of recent papers Wang

and Boyd demonstrated a technique for generating performance bounds for a class

of stochastic control problems using the iterated Bellman inequality. Their method

derives a numerical performance bound via the solution of an optimization problem.

As a by-product of the optimization problem they generate a sequence of functions,

each of which is a pointwise underestimator of the true value function. In this chapter

we justify the use of these functions as a sequence of approximate value functions,

sometimes referred to as control-Lyapunov functions. We do this by demonstrating
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that the dual variables of the optimization problem correspond to a trajectory of first

and second moments of the state and action of the system, under the policy admitted

by the sequence of AVFs. We restrict our attention to the case with linear dynam-

ics and quadratically representable stage cost, in which case the performance bound

problem can be expressed as a semidefinite program (SDP). We conclude with some

numerical examples to illustrate the technique.

3.2 Stochastic control

We begin by briefly reviewing the basics of stochastic control and the dynamic pro-

gramming ‘solution’. For more detail the interested reader is referred to, e.g., [13,16].

We consider a discrete time dynamical system, with dynamics described by

xt+1 = f(xt, ut, wt), t = 0, 1, . . . , (3.1)

where xt ∈ X is the system state, ut ∈ U is the control input or action, wt ∈ W is an

exogenous noise or disturbance, all at time t, and f : X × U ×W → X is the state

transition function. The noise terms wt are independent identically distributed (IID),

with known distribution. The initial state x0 is also random with known distribution,

and is independent of wt.

The stage cost function is denoted ` : X × U → R ∪ {+∞}, where the infinite

values of ` encode constraints on the states and inputs: The state-action constraint set

is C = {(z, v) | `(z, v) <∞} ⊆ X ×U . (The problem is unconstrained if C = X ×U .)

Consider causal time-invariant state feedback control policies of the form

ut = φt(xt), t = 0, 1, . . . ,

where φt : X → U is the control policy or state feedback function at time t. The

stochastic control problem is to choose φt in order to minimize the infinite horizon

discounted cost

Jφ = E
∞∑
t=0

γt`(xt, φt(xt)), (3.2)
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where γ ∈ (0, 1) is a discount factor. The expectations are over the noise terms wt,

t = 0, 1, . . ., and the initial state x0. We assume here that the expectation and limits

exist, which is the case under various technical assumptions [13, 16]. We denote by

J? the optimal value of the stochastic control problem, i.e., the infimum of Jφ over

all policies φ : X → U . When the control policy functions φt do not depend on t,

they are called time-invariant. For the stochastic control problem we consider it can

be shown that there is always an optimal policy that is time-invariant.

3.2.1 Dynamic programming

In this section we briefly review the dynamic programming characterization of the

solution to the stochastic control problem. For more details, see [13,16].

The value function of the stochastic control problem, V ? : X → R∪{∞}, is given

by

V ?(z) = inf
φ

E

( ∞∑
t=0

γt`(xt, φ(xt))

)
,

subject to the dynamics (3.1) and x0 = z; the infimum is over all policies φ : X → U ,

and the expectation is over wt for t = 0, 1, . . .. The quantity V ?(z) is the expected

cost incurred by an optimal policy, when the system is started from state z at time

t. The optimal total discounted cost is given by

J? = E
x0
V ?(x0). (3.3)

It can be shown that the value function is the unique fixed point of the Bellman

equation [9]

V ?(z) = inf
v

(
`(z, v) + γE

w
V ?(f(z, v, w)

)
for all z ∈ X . We can write the Bellman equation in the form

V ? = T V ?, (3.4)
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where we define the Bellman operator T as

(T g)(z) = inf
v

(
`(z, v) + γE

w
g(f(z, v, w))

)

for any g : X → R ∪ {+∞}. Moreover, iteration of the Bellman operator, starting

from any initial function, converges to the value function V ? (see [13, 16] for many

more technical details and conditions). This procedure is referred to as value iteration.

An optimal policy (which is time-invariant) for the stochastic control problem is

given by

φ?(z) = argmin
v

(
`(z, v) + γE

w
V ?(f(z, v, w))

)
, (3.5)

for all z ∈ X . (We drop the subscript t since this policy is time-invariant.)

3.2.2 Approximate dynamic programming

In many cases of interest, it is intractable to compute (or even represent) the value

function V ?, let alone carry out the minimization required evaluate the optimal pol-

icy (3.5). A common alternative is to replace the value function with an approximate

value function V̂ [19, 143,179]. The resulting policy, given by

φ̂(z) = argmin
v

(
`(z, v) + γE

w
V̂ (f(z, v, w))

)
,

for all z ∈ X , is called an approximate dynamic programming (ADP) policy. When

V̂ = V ?, the ADP policy is optimal. The goal of approximate dynamic programming

is to find a V̂ for which the ADP policy can be easily evaluated (for instance, by solving

a convex optimization problem), and also attains near-optimal performance. We can

also consider time-varying ADP policies, obtained from a sequence of approximate

value functions V̂t, which results in a time-varying AVF policy. While an optimal

policy can always be chosen to be time-invariant, a time-varying AVF policy can give

better performance control than a time-invariant AVF policy.
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3.3 Iterated approximate value function policy

In this section we introduce the iterated AVF policy. We begin by reviewing the

iterated Bellman inequality and discuss how it can be used to generate performance

bounds on stochastic control problems. Finally we introduce the iterated AVF policy.

3.3.1 Iterated Bellman inequality

Any function which satisfies the Bellman inequality,

V ≤ T V, (3.6)

where the inequality is pointwise, is a guaranteed pointwise lower bound on the true

value function (under some additional mild technical conditions) [13,16,47,118,159].

The basic condition works as follows. Suppose V : X → R satisfies V ≤ T V .

Then by the monotonicity of the Bellman operator and convergence of value iteration

[13,16,184], we have

V ≤ lim
k→∞
T kV = V ?,

so any function that satisfies the Bellman inequality must be a value function under-

estimator.

We can derive a weaker condition for being a lower bound on V ? by considering

an iterated form of the Bellman inequality. Suppose we have a sequence of functions

Vt : X → R, t = 0, . . . , T + 1, that satisfy a chain of Bellman inequalities

V0 ≤ T V1, V1 ≤ T V2, . . . VT ≤ T VT+1, (3.7)

with VT = VT+1. Then, using similar arguments as before, we can show that Vt ≤ V ?

for t = 0, . . . .T + 1. The condition is weaker since any function feasible for the single

Bellman inequality is also feasible for the iterated Bellman inequality.

If we parameterize the functions to be linear combinations of k fixed basis functions
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V (i) : X → R with coefficient vectors αt ∈ Rk, i.e.,

Vt =
k∑
i=1

αtiV
(i), (3.8)

for t = 0, . . . , T + 1, then the Bellman inequalities lead to convex constraints on the

coefficients αt. To see this, we write the Bellman inequality relating Vt and Vt+1 as

Vt(z) ≤ inf
v

(
`(z, v) + γE

w
Vt+1(f(z, v, w))

)
,

for all z ∈ X . For each z, the left hand side is linear in αt, and the right hand side

is a concave function of αt+1, since it is the infimum over a family of affine functions.

Hence, the set of αt, t = 0, . . . , T + 1 that satisfy the iterated Bellman inequalities

(3.7) is convex [30].

3.3.2 Performance bound

Now that we have a tractable condition on value function lower-boundedness we can

use it to generate a performance bound on the stochastic control problem, since if

V0 : X → R satisfies V0(x) ≤ V ?(x) for all x ∈ X , then

J lb = E
x0
V0(x0) ≤ E

x0
V ?(x0) = J?.

To find the best (i.e., largest) lower bound we solve the following problem:

maximize Ex0 V0(x0)

subject to Vt ≤ T Vt+1, t = 0, . . . , T

VT = VT+1

(3.9)

over variables α0, . . . , αT+1. Since the iterated Bellman condition is a convex con-

straint on the coefficients αt ∈ RK , t = 0, . . . , T + 1, and the objective is linear in

α0 this is a convex optimization problem [30]. For (much) more detail on deriving

bounds for stochastic control problems see [179, 180, 183] and the references therein.
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Note that in [180], where the iterated Bellman inequality was first introduced, the

authors used V0 = VT+1 as the terminal constraint. We replace that with VT = VT+1

here, which generally gives better numerical bounds.

3.3.3 Policy

By solving the performance bound problem (3.9) we obtain a sequence of approximate

value functions V0, . . . , VT+1, each of which is a lower bound on the true value function.

The iterated AVF policy is given by

φt(x) = argmin
u

(`(x, u) + γEVt+1(f(x, u, w))) (3.10)

for 0 ≤ t ≤ T , and

φt(x) = argmin
u

(`(x, u) + γEVT+1(f(x, u, w))) (3.11)

for t > T .

Note that for the problem we consider an optimal policy is time-invariant. How-

ever, the iterated AVF policy is time-varying. It may be advantageous to use a

time-varying policy because, typically, an approximate value function cannot be a

good approximation of the true value function everywhere, so knowledge about the

initial state of the system, and subsequent states under the iterated AVF policy, can

be exploited to our advantage. The rest of this chapter is a justification for the use of

this time-varying policy in the particular case of linear dynamics and quadratically

representable stage cost.

We briefly mention another policy, the pointwise maximum policy:

φ(x) = argmin
u

(
`(x, u) + γ max

t=0,...,T
EVt(f(x, u))

)
. (3.12)

Note that this policy is time-invariant. Since each Vt is an underestimator of the

true value function, the pointwise maximum of these is also an underestimator and

is at least as good an approximation of the true value function as any individual Vt.



CHAPTER 3. ITERATED APPROXIMATE VALUE FUNCTIONS 34

However, this policy is much more expensive to compute, and complexity grows with

horizon T .

3.4 Quadratically representable case

We restrict our attention to the case with linear dynamics and quadratically repre-

sentable stage cost and constraint set. We consider this limited case for simplicity,

but the results in this chapter extend to other cases with some minor modifications,

such as time-varying dynamics, random dynamics, and a finite horizon.

We consider the case where the state and action spaces are finite dimensional

vector spaces, i.e., xt ∈ Rn and ut ∈ Rm, and the dynamics equation has the form

xt+1 = f(xt, ut, wt) = Axt +But + wt, t = 0, 1, . . .

for some matrices A ∈ Rn×n and B ∈ Rn×m. We will write the dynamics as

G


xt+1

ut+1

1

 = F


xt

ut

1

+

 wt

1



where

F =

 A B 0

0 0 1

 , G =

 I 0 0

0 0 1

 .
We pad the state-action vector with an additional 1 so that it has dimension l =

n + m + 1, which will allow more compact notation in the sequel. We assume that

the noise term has zero mean, i.e., E(wt) = 0 for all t, and has second moment

Ewtw
T
t = Ŵ for all t. For compactness of notation we let

E

 wt

0


 wt

0


T

=

 Ŵ 0

0 0

 = W
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where W ∈ R(n+1)×(n+1).

We consider stage cost functions of the form

`(x, u) =


¯̀(x, u) (x, u) ∈ C

∞ otherwise,

where

¯̀(x, u) =


x

u

1


T

L


x

u

1

 ,

L ∈ Rl×l, is a convex quadratic function and where C denotes the feasible set of

state-action pairs. We assume that we can write the feasible set as the intersection

of k + 1 convex quadratic constraint sets, i.e.,

C =


(x, u)

∣∣∣∣∣∣∣∣∣∣∣∣


x

u

1


T

Σi


x

u

1

 ≤ 0, i = 0, . . . , k


(3.13)

where Σi ∈ Rl×l, i = 0, . . . , k.

We shall parameterize the approximate value functions to be convex quadratic

functions of the state, i.e.,

Vt(x) =

 x

1


T

Pt

 x

1


for some Pt ∈ Rn+1×n+1. With this choice of approximate value function the parame-

ter Pt takes role of αt in (3.8) and (3.9). Thus the iterated Bellman inequalities are a

set of convex constraints on the parameters P0, . . . , PT+1. This choice of approximate

value function also ensures that the policy problems (3.10) and (3.11) are convex

optimization problems and can be solved efficiently [30,182].
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3.4.1 Iterated Bellman inequalities

With the notation we have established, we can write

EV (xt+1) = EV (Axt +But + wt) =


xt

ut

1


T

F TPF


xt

ut

1

+ Tr(PW ).

We denote by U(z) = {u | (z, u) ∈ C} the set of feasible actions at a given state z.

The single Bellman inequality is written

V (x) ≤ min
u∈U(x)

(`(x, u) + γEV (Ax+Bu+ w)) ,

for all x ∈ X , which with our notation is

 x

1


T

P

 x

1

 ≤ γTr(PW ) + minu∈U(x)


x

u

1


T

(L+ γF TPF )


x

u

1


for all x such that U(x) is non-empty, or equivalently


x

u

1


T

(L+ γF TPF −GTPG)


x

u

1

+ γTr(PW ) ≥ 0 (3.14)

for all (x, u) ∈ C. This constraint is convex (indeed affine) in the variable P . However

it is semi-infinite, since it is a family of constraints parametrized by the (infinite) set

(x, u) ∈ C. The S-procedure [26] provides a sufficient condition that ensures (3.14)

holds for all states. By using the S-procedure, we can approximate the iterated

Bellman inequalities as linear matrix inequalities (LMIs) and, in turn, (3.9) can be

approximated as an SDP, which can be solved efficiently. Since the S-procedure

is sufficient, but not necessary, the resulting approximate value functions found by
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solving the SDP will still be pointwise underestimators of the true value function,

and the numerical performance bound will still be valid.

The set C is defined by quadratic inequalities parameterized by Σi, i = 0, . . . , k.

From the S-procedure we have that the Bellman inequality will hold if there exists

λ ∈ Rk+1
+ such that

L+ γF TPF −GTPG+ γTr(PW )ele
T
l � −

∑k
i=0 λ

iΣi

where el is the unit vector in the lth coordinate and λi denotes the ith component of

the vector λ.

The extension of the single Bellman inequality to the iterated case is written

L+ γF TPt+1F −GTPtG+ γTr(Pt+1W )ele
T
l � −

∑k
i=0 λ

i
tΣi

for t = 0, . . . , T , along with the end condition PT = PT+1. This condition is convex

in parameters P0, . . . , PT+1 ∈ Rl×l and λ0, . . . , λT ∈ Rk
+, in particular it is a linear

matrix inequality (LMI) [26,30].

3.4.2 Performance bound problem

In this section we will define the set PTt ⊂ R(n+1)×(n+1), which is the set of convex

quadratics,parameterized by Pt, for which there exists Pt+1, . . . , PT+1 ∈ R(n+1)×(n+1)

that together satisfy T + 1 − t iterated Bellman inequalities. Thus any Pt ∈ PTt
defines a convex quadratic function that is a guaranteed lower bound on the true

value function.

First, the iterated Bellman inequalities must hold, i.e.,

L+ γF TPτ+1F −GTPτG+ γTr(Pτ+1W )ele
T
l � −

∑k
i=0 λ

i
τΣi, τ = t, . . . , T

(3.15)

where

λτ ∈ Rk+1
+ , τ = t, . . . , T. (3.16)
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For convexity of the approximate value functions we require

Pτ =

 P̂τ pτ

pTτ rτ

 , P̂τ ∈ Sn+, τ = t, . . . , T + 1. (3.17)

Finally we require the terminal constraint

PT = PT+1. (3.18)

We denote by PTt the set of parameters that satisfy these conditions, i.e.,

PTt = {Pt | ∃ Pt+1, . . . , PT+1, λt, . . . , λT ,

such that (3.15), (3.16), (3.17), (3.18) are satisfied} .

With this notation the problem of finding a lower bound on the performance of

the optimal policy can be expressed as an SDP in the variables P0, . . . , PT+1 and

λ0, . . . , λT ,

maximize Tr(P0X0)

subject to P0 ∈ PT0
(3.19)

where

X0 = E

 x0

1


 x0

1


T

contains the first and second moments of the initial state.

3.5 Iterated Quadratic AVFs

The goal in this section is to justify the iterated AVF policy given in (3.10) and (3.11),

i.e., using the chain of value functions, arising from solving (3.19), as a sequence of

approximate value functions. We assume throughout that (3.19) is feasible and that

the optimal value is attained.
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3.5.1 Relaxed policy problem

Here we introduce what we refer to as the relaxed policy problem. This is the problem

of minimizing the expected cost in the policy problems (3.10) or (3.11), where instead

of exact knowledge of the state we know only its first and second moments, and where

we relax the constraints to hold in expectation. (The relaxed policy problem reduces

to the standard policy problem when the state is known exactly). For an in-depth

treatment on the use of moment relaxations in optimal control see [157]. This problem

is written

minimize E


x

u

1


T

(L+ γF TPt+1F )


x

u

1


subject to E

 x

1


 x

1


T

= Xt

E


x

u

1


T

Σi


x

u

1

 ≤ 0, i = 0, . . . , k

where Xt contains the first and second moment information about the state at time

t. If we let

Zt = E




x

u

1




x

u

1


T
 ∈ Sl×l+

we can write the problem as

minimize Tr(L+ γF TPt+1F )Zt

subject to GZtG
T = Xt

Zt � 0

Tr(ΣiZt) ≤ 0, i = 0, . . . , k

(3.20)



CHAPTER 3. ITERATED APPROXIMATE VALUE FUNCTIONS 40

over variable Zt ∈ Rl×l. The solution matrix Z?
t contains the first and second moments

of the state and action that minimize the expected cost-to-go, using Vt+1 as the value

function. Since we have relaxed the constraints to hold in expectation, we shall refer

to Zt as the relaxed second moment at time t.

3.5.2 Saddle point problems

In this subsection we shall show that the dual variables of the performance bound

problem (3.19) correspond to the relaxed second moments of the state and action

under the policy admitted by the sequence of approximate value functions. We will

show that the sequence of approximate value functions is optimized to this trajectory,

which concludes our justification.

We start by forming the partial Lagrangian of the problem, where we introduce

dual variable Z0 � 0 for the Bellman inequality constraint relating P0 and P1, which

is written

L(P0, P1, Z0) = Tr(P0X0) + γTr(P1W )eTl Z0el

+ TrZ0

(
L+ γF TP1F −GTP0G−

∑k
i=0 λ

i
0Σi

)
where we have the additional constraint that P1 ∈ PT1 . If we analytically maximize

this over P0 and λ0 we obtain the following constraint set of constraints on Z0:

Z0 =
{
Z | GZGT = X0, Tr(ΣiZ) ≤ 0, Z � 0

}
.

These constraints correspond exactly to the constraints in the relaxed second moment

problem (3.20). The first constraint above requires Z0 to be in consensus with the

supplied second order information about the state, and the second constraint requires

the state and action to satisfy the constraints (3.13) in expectation. From the first

constraint we also have that eTl Z0el = 1. Making the appropriate substitutions we
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arrive at the saddle point problem

minimize Tr(LZ0) + γ max
P1∈PT

1

Tr(FZ0F
T +W )P1

subject to Z0 ∈ Z0

(3.21)

over Z0. If we swap the order of maximization and minimization in (3.21) we have

maximize γTr(P1W ) + min
Z0∈Z0

Tr(L+ γF TP1F )Z0

subject to P1 ∈ PT1
(3.22)

over variables P1, . . . , PT and λ1, . . . , λT−1. Assuming strong duality, problems (3.21)

and (3.22) are equivalent and attain the same optimal value as (3.19). The second

term in problem (3.22) is identical to problem (3.20) for t = 0. This implies that the

optimal Z0 is the optimal second moment of the relaxed problem (3.20) at t = 0 using

V1 as the value function, i.e., we can interpret Z0 as

Z0 = E




x0

u0

1




x0

u0

1


T
 .

With this we can write

FZ0F
T +W = E

 Ax0 +Bu0 + w

1


 Ax0 +Bu0 + w

1



= E

 x1

1


 x1

1


T

,
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and thus we can rewrite the second term in problem (3.21) as

max
P1∈PT

1

Tr(FZ0F
T +W )P1 = max

P1∈PT
1

E

 x1

1


T

P1

 x1

1

 .
This implies that the optimal P1 is the quadratic lower bound that maximizes the

expected cost over states at time t = 1 (and satisfies the iterated Bellman inequalities).

The above argument is repeated inductively: At iteration t we introduce a new

dual variable Zt for the Bellman inequality involving Pt and Pt+1 and show that it

corresponds to the relaxed second moment of the state and action at time t, provided

the same holds for Zt−1. Then, since the relaxed second moment of the state at time

t + 1 is determined by applying the dynamics equations to Zt, it follows that Pt+1

maximizes the expected cost over states at time t + 1 (while satisfying the Bellman

inequalities). This is repeated up to t = T . Finally, if the relaxed second moment

of the state converges to a steady-state and the horizon T is large enough, then,

by the argument above, PT (and therefore PT+1) is optimized to that steady-state

distribution, which justifies the long-term policy (3.11).

3.6 Examples

Here we introduce two examples to demonstrate the efficacy of the iterated AVF

policy. For other practical examples of formulating the bound problem (3.9) as an

SDP see [27,135,179,180].

3.6.1 One-dimensional example

In this instance we take n = m = 1 and γ = 0.99, the dynamics were given by

xt+1 = xt + ut and the cost function was chosen to be

`(x, u) =


x2 + (0.1)u2 |u| ≤ 1,

∞ otherwise.
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Figure 3.1: AVF sequence and state trajectory.

This allows us to visually inspect the approximate value functions and the true value

function for this particular problem.

We solve the performance bound problem (3.19) with a horizon of T = 25 and with

exact knowledge of the initial state, which we take to be x0 = 20. Figure 3.1 shows

the sequence of value functions generated by solving problem (3.19). The red dots are

the trajectory of first moments of the state xt, extracted from the dual variables Zt,

the blue curves are the corresponding quadratic value functions defined by Pt. Note

that each quadratic is a good approximation in some regions, namely where the state

is expected to be at that time, and a bad approximation in other regions. In this case

we can find the true value function by discretizing the state and action spaces and

performing value iteration [13, 16]. Figure 3.2 shows the approximate value function

given by the pointwise maximum over all 25 quadratics in blue and the true value

function in red. In this case the two are indistinguishable.

The performances of various policies from x0 were evaluated using Monte Carlo.

The iterated AVF policy obtained 2747.6, almost identical to the lower bound of

2745.0; a single approximate value function achieved 2750.1, a small but significant

difference. The single AVF was generated by solving (3.9) with T = 0. The more
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Figure 3.2: True value function and pointwise max over AVFs.

computationally expensive model predictive control (MPC) policy [64, 117, 125, 138]

with a lookahead of 50 time-steps, achieved a performance of 2745.1.

3.6.2 Box constrained quadratic control

This example is similar to an example presented in [135]. We control a linear dynam-

ical system with stage cost

`(x, u) =


xTQx+ uTRu ‖u‖∞ ≤ 1

∞ otherwise,

for some Q � 0 and R � 0, i.e., our action is constrained to lie in a box at all time

periods. The constraint that ‖ut‖∞ ≤ 1 can be rewritten as

(ut)
2
i ≤ 1, i = 1, . . . ,m.

We randomly generated a numerical instance with n = 12 and m = 4. The dynamics

matrix A was randomly generated, and then scaled to have spectral radius 1. The
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Policy Performance

lower bound 50737

MPC 50923

iterated AVF 51286

single AVF 52479

Table 3.1: Lower bound, and policy performances.

horizon length for both MPC and the lower bound calculation was set to 50, the value

of γ was chosen to be 0.99. We ran 1000 Monte Carlo simulations of 500 time periods

to estimate performance of various policies. We compared the performance of the

iterated AVF policy with a single AVF policy, where we solve (3.9) with T = 0. We

also compared to MPC with a 50 step-lookahead. The results are summarized in table

3.1. Custom interior point solvers were generated by CVXGEN [122] and used to solve

the policy problems for both the AVF policies and the MPC policy. Computation

was carried out on a 4-core Intel Xeon processor, with clock speed 3.4GHz and 16Gb

of RAM, running Linux. On average, it took 9ms to solve the MPC problem at each

iteration, whereas it only took 83µs to solve the AVF policy problem, more than two

orders of magnitude faster.

From the lower bound we can certify that MPC is no more than 0.4% suboptimal,

the iterated AVF policy is no more than 1.1% suboptimal, and the single AVF policy

is no more than 3.4% suboptimal.

3.7 Summary

In this chapter we introduced the iterated approximate value function policy, which

is a time-varying policy even in the case where the optimal policy is time-invariant.

The sequence of approximate value functions we use is derived from a performance

bound problem, which, for the case we consider, is a convex optimization problem and

thus tractable. We justified the use of this sequence of approximate value functions

by considering the dual of the performance bound problem. We showed that the dual
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variables of this problem could be interpreted as a trajectory of moments of the state

and action for the stochastic control problem. We concluded with some examples to

show the performance of our policy.



Part III

Model Predictive Control Policies
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Chapter 4

A Splitting Method for Optimal

Control

We apply an operator splitting technique to a generic linear-convex optimal control

problem, which results in an algorithm that alternates between solving a quadratic

control problem, for which there are efficient methods, and solving a set of single-

period optimization problems, which can be done in parallel, and often have analytical

solutions. In many cases the resulting algorithm is division-free (after some off-line

pre-computations) and so can be implemented in fixed-point arithmetic, for example

on a field-programmable gate array (FPGA). We demonstrate the method on several

examples from different application areas.

4.1 Introduction

We consider a linear-convex optimal control problem, i.e., the problem of finding a

trajectory of state-control pairs that satisfy a set of linear dynamics, and minimize

a sum of convex stage-cost functions. This problem arises naturally in many appli-

cation areas, including model predictive control (MPC), moving horizon estimation

(MHE), and trajectory planning. Finding an optimal trajectory involves solving a

convex optimization problem, which can in principle be done efficiently, using generic

48
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techniques for convex optimization, or methods developed specifically for the linear-

convex optimal control problem, such as custom interior-point methods. We are

interested here in real-time applications, which require very high execution speed,

and simplicity of the algorithm. On the other hand most real-time applications do

not require the solution to be computed to high accuracy; assuming the variables have

been appropriately scaled, three digits of accuracy is usually more than adequate.

In this chapter we describe yet another method to solve linear-convex optimal

control problems quickly. The algorithm we present relies on an operator splitting

technique, referred to as the Alternating Direction Method of Multipliers (ADMM),

or as Douglas-Rachford (D-R) splitting. Operator splitting breaks the problem into

two parts, a quadratic optimal control problem (which can be solved very efficiently),

and a set of single period optimization problems (which can be solved in parallel,

often, analytically). An iteration that alternates these two steps then converges to

a solution. We demonstrate that our method can solve optimal control problems to

an acceptable accuracy very rapidly, indicating that it is suitable for use in, e.g.,

high-frequency control applications. Another advantage of our method is that in

many cases, after some off-line pre-computation, the algorithm requires no division

operations. In these cases it can be implemented in fixed-point arithmetic, for example

on a field-programmable gate array (FPGA) for high-speed embedded control.

4.2 Convex optimal control problem

4.2.1 Problem description

We consider the (deterministic, discrete-time, finite-horizon) linear-convex optimal

control problem

minimize
∑T
t=0 (φt(xt, ut) + ψt(xt, ut))

subject to xt+1 = Atxt +Btut + ct, t = 0, . . . , T − 1

x0 = xinit,

(4.1)
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with variables (states) xt ∈ Rn and (controls) ut ∈ Rm, t = 0, . . . , T . The stage cost

function is split into a convex quadratic part φt and a convex non-quadratic part ψt.

The convex quadratic terms φt : Rn ×Rm → R have the form

φt(x, u) = (1/2)


x

u

1


T 

Qt St qt

STt Rt rt

qTt rTt 0




x

u

1


where  Qt St

STt Rt

 � 0

(i.e., is symmetric positive semidefinite). The non-quadratic terms ψt : Rn ×Rm →
R ∪ {∞}, are closed proper convex functions (see, e.g., [151]). Infinite values in the

functions ψt encode convex constraints on the states and controls. For example, when

ψt is the indicator function of a closed convex set Ct ⊂ Rn+m,

ψt(xt, ut) = ICt(xt, ut) =


0 (xt, ut) ∈ Ct

∞ otherwise,

the stage cost term ψt(xt, ut) in (4.1) simply imposes the state-control constraint

(xt, ut) ∈ Ct.
The problem data are the initial state xinit ∈ Rn, the dynamics matrices At, Bt,

and ct, for t = 0, . . . , T − 1, the quadratic cost term coefficients Qt, Rt, St, qt, and

rt, for t = 0, . . . , T , and the non-quadratic cost functions ψt, t = 0, . . . , T . The

decomposition of the stage cost into the quadratic part φt and the non-quadratic part

ψt is in general not unique, since a quadratic stage cost term can be included in the

non-quadratic term.

Problem (4.1) is a convex optimization problem and as such it can solved efficiently

by a variety of generic methods including, e.g., interior point methods [30,187]. Here

‘efficiently’ means that the computational effort required to obtain a solution grows

no faster than a polynomial of the problem size. This chapter is about solving the
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linear-convex optimal control problem (4.1) very quickly, even by comparison to these

generic methods.

4.2.2 Usage scenarios

We list here some ways in which a solver for the problem (4.1) can be used.

Cold start. Here we solve (4.1) just once, or many times, but with very different

(unrelated) data each time.

Warm start. Here we solve (4.1) many times sequentially, where the data in each

problem is similar to the data for the previously solved problem. In this case we

initialize the algorithm with the solution from the previous problem to obtain a speed-

up over the cold start scenario; the speed-up will depend on how similar the data are

from one iteration to the next.

Constant quadratic case. Here we solve (4.1) many times, where the quantities

Qt, Rt, St, t = 0, . . . , T and At, Bt, t = 0, . . . , T −1, do not change. (The initial state

and non-quadratic stage cost terms can change in each instance.) In this case we can

cache some quantities that are pre-computed, allowing us to reduce the computation

required to solve instances of the problem. Depending on the non-quadratic stage

cost terms, our algorithm can be division free; as a result it can be implemented in

fixed-point arithmetic on, e.g., an FPGA.

Warm start constant quadratic. Here we have both the warm start and constant

quadratic cases, in which case the computational savings stack.

4.2.3 Notation

We use x = (x0, . . . , xT ) and u = (u0, . . . , uT ) to denote the concatenated states

and controls (i.e., their trajectories), and (x, u) ∈ R(n+m)(T+1) to denote the whole
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state-control trajectory. We define

D = {(x, u) | x0 = xinit, xt+1 = Atxt +But + ct, t = 0, . . . , T − 1} ,

which is the set of state-control pairs that satisfy the dynamics of the problem (4.1),

and we use ID to denote the indicator function of the set D, which is a closed proper

convex function. We define

φ(x, u) =
T∑
t=0

φt(xt, ut), ψ(x, u) =
T∑
t=0

ψt(xt, ut),

which are the quadratic and non-quadratic costs over the whole trajectory (x, u).

With this notation the convex optimal control problem can be expressed as

minimize ID(x, u) + φ(x, u) + ψ(x, u)

with variables (x, u) ∈ R(n+m)(T+1).

4.2.4 Prior and related work

In this section we give a brief overview of some of the important prior work in several

related areas.

Interior-point methods. A generic interior-point solver for (4.1) that does not

exploit the problem structure would scale in complexity with the cube of the time-

horizon [22]. If the structure of the problem is exploited, however, the complexity

only grows linearly. In [181] the authors developed a custom interior-point method

that can solve quadratic optimal control problems with box constraints very rapidly

by exploiting problem structure. A similar approach was taken in [147]. For work

detailing efficient primal-dual interior-point methods to solve the quadratic programs

(QPs) that arise in optimal control see [2, 79,80].
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Automatic code generation. Typically creating a custom interior-point solver is

a very labor-intensive exercise. In [122] the authors describe the automatic generation

of high speed custom solvers directly from high level descriptions of the problem.

These automatically generated custom solvers are tailored to the problem at hand,

providing dramatic speed-ups over generic solvers. For work detailing custom code

generation specifically for optimal control problems see, e.g., [52, 89,124,136,137].

Explicit MPC. Explicit model predictive control is a technique for solving quadratic

optimal control problems with polyhedral constraints [11,167], with all data fixed ex-

cept the initial state. In this case the solution is a piecewise affine function of the

initial state. The polyhedra that define the regions, and the associated coefficients

in the affine function, can be computed off-line. Solving the problem then reduces

to searching in a lookup table, and then evaluating the affine function (which is di-

vision free). Due to the exponential growth in the number of regions, explicit MPC

can realistically only be applied to systems with very modest numbers of states and

constraints. For an extension that can handle larger problems by using partial enu-

meration see [140].

Active set methods. Active set methods are a set of techniques for solving QPs

that are closely related to the simplex method for linear programming. They rely on

identifying the set of constraints that are active at the optimum and then solving a

simpler problem using just these constraints [7, 21, 68, 69, 71]. The use of active set

methods to solve the QPs that arise in control has been explored by Ferreau et al.

in [60, 61].

Fast gradient methods. Fast gradient methods, inspired by Nesterov’s acceler-

ated first order methods [130, 132], have been applied to the optimal control prob-

lem [100–102, 148, 150]. These techniques typically require only the evaluation of a

gradient and a projection at each iteration. Thus, they generally require less compu-

tation than, say, interior-point methods, at the expense of high accuracy.
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Embedded control. There has been much recent interest in using MPC in an

embedded control setting, for example in autonomous or miniature devices. The

challenge is to develop algorithms that can solve (4.1) quickly, robustly and within the

limitations of on-board chip architectures. Many techniques have been investigated,

including interior-point methods, active set methods and others; see, e.g., [93,106,110,

115]. In this chapter we develop an algorithm that (in some cases) can be implemented

without division, which allows us to use fixed point arithmetic. For other work

exploring the use of fixed point arithmetic in control see [92,149,150]. For other work

on implementing control algorithms on FPGAs, see, e.g., [81, 91,177,185,186].

Operator splitting. The technique we employ in this chapter relies on the work

done on monotone operators and operator splitting methods. The history of operator

splitting goes back to the 1950s; ADMM itself was introduced in the mid-1970s by

Glowinski and Marrocco [70] and Gabay and Mercier [63]. It was shown in [62] that

ADMM is a special case of a splitting technique known as Douglas-Rachford splitting,

and Eckstein and Bertsekas [57] showed in turn that Douglas-Rachford splitting is

a special case of the proximal point algorithm. For convergence results for operator

splitting methods see, e.g., [57, 62, 83, 84]. For (much) more detail about operator

splitting algorithms and example applications see [28] and the references therein.

Operator splitting has seen use in many application areas, see, e.g., [6,39,178]. In [108]

the authors use operator splitting to develop sparse feedback gain matrices for linear-

quadratic control problems.

Recently, accelerated variants of operator splitting methods have been proposed.

Although we do not use these variants in this chapter we mention them here for

completeness. These techniques apply a Nesterov-type acceleration to the iterates

[130], which under certain conditions can dramatically improve the rate of convergence

[72,73,75].
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4.3 Splitting method

4.3.1 Consensus form

We can write the optimal control problem (4.1) in the following form:

minimize (ID(x, u) + φ(x, u)) + ψ(x̃, ũ)

subject to (x, u) = (x̃, ũ),
(4.2)

with variables (x, u) ∈ R(n+m)(T+1), (x̃, ũ) ∈ R(n+m)(T+1). This form is referred to

as consensus ; see [28, §7]. Here we split the objective into two separate parts, with

different variables. The first term contains the quadratic objective and the dynamic

constraints; the second term is separable across time, and encodes the constraints and

non-quadratic objective terms on the states and control in each period. The equality

constraint requires that they be in consensus.

4.3.2 Operator splitting for control

The consensus form of operator splitting is the following algorithm. Starting from

any initial (x̃0, ũ0) and (z0, y0), for k = 0, 1, . . .,

(xk+1, uk+1) := argmin
(x,u)

(
ID(x, u) + φ(x, u) + (ρ/2)‖(x, u)− (x̃k, ũk)− (zk, yk)‖22

)
(x̃k+1, ũk+1) := argmin

(x̃,ũ)

(
ψ(x̃, ũ) + (ρ/2)‖(x̃, ũ)− (xk+1, uk+1) + (zk, yk)‖22

)
(4.3)

(zk+1, yk+1) := (zk, yk) + (x̃k+1, ũk+1)− (xk+1, uk+1). (4.4)

Here ρ > 0 is an algorithm parameter, k is the iteration counter, and (zk, yk) ∈
R(n+m)(T+1) is a (scaled) dual variable associated with the consensus constraint. We

shall refer to this technique as operator splitting for control (OSC).

The first step entails minimizing a sum of convex quadratic functions of the state

and control, subject to the dynamics, i.e., a convex quadratic control problem. The

objective in the second step is separable across time, so the minimization for each
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time period can be carried out separately, as

(x̃k+1
t , ũk+1

t ) := argmin
(x̃t,ũt)

(
ψt(x̃t, ũt) + (ρ/2)‖(x̃t, ũt)− (xk+1

t , uk+1
t ) + (zkt , y

k
t )‖22

)
,

for t = 0, . . . , T . The right-hand side is the proximal (or prox) operator of ψt, evalu-

ated at

(xk+1
t − zkt , uk+1

t − ykt ).

For more details about prox operators and derivations of prox operators for some

common functions see, e.g., [40, 174].

Convergence and stopping criteria. Under some mild conditions, the splitting

algorithm converges to the solution (assuming there is one); see [28, §3.2]. The primal

residual for (4.2) is given by

rk = (xk, uk)− (x̃k, ũk),

and the dual residual as

sk = ρ((x̃k, ũk)− (x̃k−1, ũk−1)).

It can be shown that rk and sk converge to zero under OSC. A suitable stopping

criterion is when the residuals are smaller than some threshold, i.e.,

‖rk‖2 ≤ εpri, ‖sk‖2 ≤ εdual,

where εpri > 0 and εdual > 0 are tolerances for primal and dual feasibility respectively.

One way to assign these tolerances is the following [28, §3.3.1]:

εpri = εabs
√

(T + 1)(n+m) + εrel max{‖(xk, uk)‖2, ‖(x̃k, ũk)‖2}

εdual = εabs
√

(T + 1)(n+m) + εrel‖(zk, yk)‖2,
(4.5)
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where εabs > 0 and εrel > 0 are absolute and relative tolerances respectively. This

choice ensures that the primal and dual tolerances scale with the size of the problem

and the scale of the typical variable values. In any particular application, however, it

can be simpler to choose fixed values for the primal and dual tolerances εpri and εdual.

Douglas-Rachford splitting can take many iterations to converge to high accuracy.

However, modest accuracy is typically achieved within a few tens of iterations. This

is in contrast to, e.g., interior-point methods which can converge to high accuracy in

a few tens of iterations, but the per iteration cost is generally much higher. In many

practical cases, including much of control, extremely high accuracy is not required

and the moderate accuracy provided by the splitting technique is sufficient.

The best known theoretical guarantees of Douglas-Rachford splitting are rather

weak: To achieve an error of less than ε, D-R splitting requires at most O(1/ε2)

steps [28, §A]. However, typically, the empirical convergence rate is much faster than

this worst-case estimate.

Relaxation. In some cases we can improve the convergence rate of OSC by applying

relaxation. Here we replace (xk+1, uk+1) in equations (4.3) and (4.4) with

α(xk+1, uk+1) + (1− α)(x̃k, ũk)

where α ∈ (0, 2) is a relaxation parameter; when α < 1 this is referred to as under-

relaxation, when α > 1 it is referred to as over-relaxation. This scheme is analyzed

in [57], and experiments in [56, 58] show that values of α ∈ [1.5, 1.8] can improve

empirical convergence.

4.3.3 Quadratic control step

The first step in the splitting algorithm can be expressed as a linearly constrained

quadratic minimization problem

minimize (1/2)wTEw + fTw

subject to Gw = h,
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over variable w ∈ R(T+1)(n+m), where

w =



x0

u0
...

xT

uT


, f =



q0 − ρ(x̃k0 + zk0 ))

r0 − ρ(ũk0 + yk0)
...

qT − ρ(x̃kT + zkT )

rT − ρ(ũkT + ykT )


, h =



xinit

c0
...

cT−1


,

E =



Q0 + ρI S0 · · · 0 0

ST0 R0 + ρI · · · 0 0
...

...
. . .

...
...

0 0 · · · QT + ρI ST

0 0 · · · STT RT + ρI


,

and

G =



I 0 · · · 0 0 0 0

−A0 −B0 · · · 0 0 0 0
...

...
. . .

...
...

...

0 0 · · · I 0 0 0

0 0 · · · −AT−1 −BT−1 I 0


.

The matrix E is block diagonal with T + 1 blocks of size (n + m) × (n + m); it is

positive definite since ρ > 0. The matrix G has full (row) rank (i.e., (T + 1)n), due

to the identity blocks.

Necessary and sufficient optimality conditions are (the KKT equations)

 E GT

G 0


 w

λ

 =

 −f
h

 , (4.6)
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where λ ∈ R(T+1)n are dual variables associated with the equality constraints. This

is a set of (T + 1)(2n + m) equations in (T + 1)(2n + m) variables; the coefficient

matrix (which is called the KKT matrix) is invertible since E is positive definite and

G is full rank. We must solve (4.6) multiple times, once per iteration of the splitting

algorithm, using the same KKT matrix, but with different values of f .

The traditional approach to solving (4.6) is to eliminate the variable w using

w = −E−1GTλ− E−1f, (4.7)

which results in the reduced equation

GE−1GTλ = −h−GE−1f,

for the dual variable λ. The matrix GE−1GT is block tri-diagonal, and can therefore

be solved by a Riccati-like recursion in order Tn3 floating-point operations (flops) [30,

§10.4]. The variable w is then reconstructed from (4.7). The overall complexity

(including forming GE−1GT and computing z) is order T (n + m)3 flops. Careful

analysis of the Riccati algorithm reveals that if we cache or pre-compute various

matrices that arise in solving (4.6), we can solve subsequent instances, with the same

KKT matrix but different values of f , in order T (m+ n)2 flops.

A modern approach to solving (4.6) is to use a sparse LDLT decomposition. We

factor the KKT matrix as  E GT

G 0

 = PLDLTP T ,

where P is a permutation matrix, L is lower triangular with diagonal entries one, and

D is block diagonal with 1× 1 or 2× 2 blocks. The permutation matrix P is chosen

based on the sparsity pattern of the KKT matrix, in order to yield a factor L with
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few nonzeros and a factorization that is stable [33, 49]. We then solve (4.6) using

 w

λ

 = P

L−T
D−1

L−1
P T

 −f
h





 .

Multiplication by L−1 is carried out by forward substitution, and multiplication by

L−T is carried out by backward substitution; these operations do not require division.

The forward and backward substitution steps require a number of flops on the order of

the number of nonzero entries in L. Inverting D amounts to inverting 2× 2 matrices;

if we pre-compute the inverse of D, which is block diagonal with the same structure as

D, the solve step above requires no division; it relies on addition and multiplication.

To solve the KKT system many times, with the same KKT matrix but different values

of f , we compute and cache P , L, and D−1; subsequently we only carry out the solve

step above.

It can be shown that the Riccati recursion is equivalent to the factor-solve method

for a particular choice of P [30, §10.4]. When the blocks in E and G are all dense,

the factor-solve method has the same complexity: order T (m+n)3 flops to carry out

the initial factorization, and order T (m + n)2 flops to carry out subsequent solves.

But the general LDLT method can allow us to exploit additional sparsity within the

matrices to reduce the complexity of both the factor and solve steps.

Regularization. To ensure that the factorization always exists and that the factor-

ization algorithm is stable we can regularize the system (for discussion on the stability

of factorization algorithms see, e.g., [49,87,172]). Instead of the original KKT matrix,

we factor the regularized KKT matrix

 E GT

G −εI

 ,
where ε > 0 is a small constant. The regularized matrix is quasi-definite [176], which

implies that for any permutation P the factorization exists, with D diagonal, and
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is numerically stable. It is suggested in [156] that a value as small as ε = 10−8

gives stability without seriously altering the problem. It was shown in [57] that the

operator splitting method still converges to a solution when the subproblems are not

solved exactly, as long as certain conditions on the solutions are met; for example,

we can reduce the regularization parameter ε as iteration proceeds. The effects of

the regularization can also be removed or reduced using iterative refinement [53,

§4.11], [122]. In practice we find that a fixed and small regularization parameter

value works very well, and that iterative refinement is not needed.

4.3.4 Single period proximal step

The second step of the splitting algorithm involves solving T problems of the form

minimize ψt(xt, ut) + (ρ/2)‖(xt, ut)− (vt, wt)‖22, (4.8)

over xt ∈ Rn and ut ∈ Rm, where vt ∈ Rn and wt ∈ Rm are data. When the non-

quadratic cost term ψt is separable across the state and control, it splits further into

a proximal optimization for the state, and one for the control. In the extreme case

when ψt is fully separable (down to the individual scalar entries), the problem (4.8)

reduces to solving m+ n scalar proximal minimization problems.

When ψt is a indicator function of a set, the proximal optimization step reduces to

a projection of (vt, wt) onto the set. For example, suppose the non-quadratic terms ψt

are used to enforce state and control constraints of the form ‖xt‖∞ ≤ 1, ‖ut‖∞ ≤ 1,

so ψt is the indicator function of the unit box (and is separable to the components).

Then the proximal minimization has the simple solution

xt = sat
[−1,1]

(vt), ut = sat
[−1,1]

(wt),

where sat is the standard saturation function. The examples below will show other

cases where we can solve the single period proximal minimizations analytically.

We can always solve the single period proximal problems using a general numerical

method, such as an interior-point method. Assuming the dominant cost is solving
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for the search step in each interior-point iteration, the cost is order (n + m)3 flops.

Therefore, the total cost of finding the proximal step is no more than order T (n +

m)3 flops, executed on a single processor; we can reduce this by employing multiple

processors and carrying out the proximal optimizations in parallel.

4.3.5 Robust control

Here we mention briefly how our algorithm generalizes to the robust control case. In

robust control we typically have uncertainty in the dynamics, initial state, or both.

One common technique to deal with this uncertainty is to generate a set of candidate

dynamics equations and initial states and to find a single sequence of control inputs

that minimizes the expected costs over these possibilities.

In other words our system has N possible dynamics equations

x
(i)
t = A

(i)
t x

(i)
t +B

(i)
t ut + c

(i)
t , t = 0, . . . , T − 1,

from initial state x
(i)
0 , for i = 1, . . . , N . We assume that the probability of the system

being in state x
(i)
0 and begin subject to the ith set of dynamics equations is given

by pi. These candidates could have been generated, for example, by sampling from

a distribution over the parameters and initial states. The goal is to find a single

sequence of inputs, ut for t = 0, . . . , T , that minimizes the expected cost.

This problem fits our problem description if we make the following substitutions:

The state is constructed by stacking the candidate states, i.e.,

xt =



x
(1)
t

x
(2)
t

...

x
(N)
t


and the dynamics of our stacked system is

xt+1 = Atxt +Btut + ct
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where

At =



A
(1)
t 0 · · · 0

0 A
(2)
t · · · 0

...
...

. . .
...

0 0 · · · A
(N)
t


, Bt =



B
(1)
t

B
(2)
t

...

B
(N)
t


, ct =



c
(1)
t

c
(2)
t

...

c
(N)
t


.

The stage cost at time t is written

N∑
i=1

pi
(
φt(x

(i)
t , ut) + ψt(x

(i)
t , ut)

)
,

which is a sum of convex quadratics and convex non-quadratic terms and so it matches

our framework.

Note that this problem has additional structure that can be exploited. In particu-

lar, the KKT matrix in the quadratic control step has significant extra sparsity from

the dynamics equations. This will be exploited by the permuted LDLT algorithm.

Similarly for the proximal step: If the ψt terms in the objective are separable into

terms involving only the state and only the input, then the proximal step problem

will decompose over the N state trajectories (in addition to decomposing across time

periods), which can then be solved in parallel.

4.4 Examples

In this section we illustrate OSC on four examples, and report on numerical results.

For each example we explain the details of the splitting technique, explain how we

generated the data for the problem instances, and compare the OSC solution time

with CVX [77, 78], a parser-solver that uses SDPT3 [170]. When we report CVX

times we report the solve time only, and not the time required to parse and transform

the problem. For each example we present three instances with different problem

dimensions.

All computation, with the exception of the results presented in §4.4.5, was carried
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out on a system with a quad-core Intel Xeon processor, with clock speed 3.4GHz and

16Gb of RAM, running Linux. All examples were implemented in C, and all but

one example were implemented in single thread. Note that SDPT3 is able to exploit

the structure inherent in the problem and is automatically multi-threaded over the 4

cores using hyperthreads.

When running OSC we report the time and number of iterations required to

reach an accuracy corresponding to εabs and εrel in (4.5) both set to 10−3. With these

tolerances the objective value obtained by (x̃, ũ) at termination was never more than

1% suboptimal, as judged by the objective value obtained by CVX. (Note that (x̃, ũ)

at termination may very slightly violate the equality constraints in (4.1), but are

guaranteed to satisfy any constraints embedded in the non-quadratic cost function

terms).

In each case we give the time required for the factorization of the KKT matrix, cold

start solve, and warm start solve. We break down the cost of each iteration into solving

the linear quadratic system and solving the single period proximal problems. The

results for each example are presented in a table; all reported times are in milliseconds

to an accuracy of 0.1 ms. In certain cases the reported time is 0.0 ms, which indicates

that the time required for this step was less than 0.05 ms. In the case where we

parallelized the single period proximal problems across multiple cores we mention the

single thread and multi-thread solve times.

When forming the KKT system we added regularization of ε = 10−6 to all exam-

ples to ensure existence of the LDLT factorization. We found that iterative refinement

was not needed in any of the examples. To solve the KKT system we used the sparse

LDL and AMD packages written by Tim Davis et al. [5, 45, 46].

For the cold start case we initialize variables (x̃0, ũ0) and (z0, y0) to zero for all

examples and solve the problem. The time required to solve the problem under a cold

start can vary by a small amount, so we report the average solve time over 100 runs

(the number of iterations is always the same). The worst-case times were never more

than 5% more than the average times.

For warm start we initialize variables (x̃0, ũ0) and (z0, y0) to those returned at

the termination of the algorithm with unperturbed data. When warm starting we
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consider perturbations to the initial state, i.e., we replace xinit with some x̂init; this

type of perturbation is common in, e.g., MPC. Since no other data are perturbed

the matrix does not have to be re-factorized; this corresponds to the warm start

constant quadratic usage scenario. For each example we run 100 warm starts and

report average numbers. Across all examples we found that the worst-case solve time

out of the 100 warm starts was no more than 20% longer than the average time.

4.4.1 Box constrained quadratic optimal control

We consider a quadratic optimal control problem with box constraints on the input,

minimize (1/2)
∑T
t=0(x

T
t Qtxt + uTt Rtut)

subject to xt+1 = Atxt +Btut, t = 0, . . . , T − 1

x0 = xinit

‖ut‖∞ ≤ 1,

where Qt � 0 and Rt � 0. We encode the constraints on the action by setting

ψt(xt, ut) = I‖ut‖∞≤1,

so proximal minimization is just saturation.

Numerical instances. For simplicity we consider the time-invariant case, i.e., At =

A, Bt = B, Qt = Q and Rt = R for all t. The data were all generated randomly; the

matrix A was scaled to be marginally stable, i.e., have a largest eigenvalue magnitude

of one. The initial state xinit was scaled so that at least one input was saturated for

at least the first 2/3 of the horizon. For all instances below we chose ρ = 50 and

relaxation parameter α = 1.8. In this example the time required to take the proximal

step was negligible (less than 0.05 ms for the largest instance), as such there was no

benefit to parallelization and all computations were performed serially on a single

core. For the warm start we perturbed each entry of the initial vector by a random

proportion sampled from a uniform distribution on [−0.1, 0.1].
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small medium large

state dimension n 5 20 50

input dimension m 2 5 20

horizon length T 10 20 30

total variables 77 525 2170

CVX solve time 400 ms 500 ms 3400 ms

fast MPC solve time 1.5 ms 14.2 ms 2710 ms

factorization time 0.1 ms 1.3 ms 16.8 ms

KKT solve time 0.0 ms 0.1 ms 0.9 ms

cold start OSC iterations 92 46 68

cold start OSC solve time 0.4 ms 4.4 ms 60.5 ms

warm start OSC iterations 72.6 35.1 39.5

warm start OSC solve time 0.3 ms 3.4 ms 35.2 ms

Table 4.1: OSC results for the box constrained optimal control example.

For this example we can compare the performance of OSC to fast MPC [181].

CVXGEN [122] can solve the smallest problem instance in about 0.1 ms, but the

current version of CVXGEN cannot scale to the larger problems. The results are

summarized in table 4.1.

4.4.2 Multi-period portfolio optimization

In this example we consider the problem of managing a portfolio of n assets over a

finite time horizon, as described in [27]. In this case our state xt ∈ Rn is the dollar

amount invested in each asset; the control ut ∈ Rn is the amount of each asset we

buy (or sell, when negative) at time t. The dynamics is given by

xt+1 = diag(rt)(xt + ut), t = 0, . . . , T − 1,
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where rt > 0 is the vector of (estimated) returns in period t. This has our form, with

At = Bt = diag(rt), and ct = 0. The stage cost has form

1Tut + κTt |ut|+ uTt diag(st)ut + λt(xt + ut)
TΣt(xt + ut),

where κt ≥ 0, st ≥ 0, Σt � 0, and λt > 0 are data; the absolute value is element-

wise. These terms are, respectively, gross cash in for sales and purchases, a bid-ask

spread transaction fee, a quadratic price impact transaction cost, and a quadratic risk

penalty. We are subject to the constraints that xinit = xT + uT = 0, i.e., the trading

starts and ends with no holdings, and a long-only constraint, i.e., xt + ut ≥ 0 for all

t.

We split the stage cost as

φt(xt, ut) = 1Tu+ uTt diag(st)ut + λt(xt + ut)
TΣt(xt + ut)

t = 0, . . . , T ,

ψt(xt, ut) = κTt |ut|+ Ixt+ut≥0.

t = 0, . . . , T − 1 and

ψT (xT , uT ) = κTT |uT |+ IxT+uT=0.

In this example, ψt is not state-control separable, but it is separable across assets; that

is, it is a sum of terms involving (xt)i and (ut)i. To evaluate the proximal operator for

t < T , we need to solve a set of problems of the form (using the subscript to denote

the component, not time period)

minimize κi|u|i + (ρ/2) ((xi − vi)2 + (ui − wi)2)

subject to xi + ui ≥ 0,

with (scalar) variables xi and ui. The solution relies on the proximal operator for the

absolute value, which is given by soft-thresholding:

Sγ(z) = argmin
y

(
γ|y|+ (1/2)(y − z)2

)
= z(1− γ/|z|)+.
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small medium large

number of assets n 10 30 50

horizon length T 30 60 100

total variables 620 3660 10100

CVX solve time 800 ms 2100 ms 10750 ms

factorization time 0.7 ms 13.3 ms 73.6 ms

KKT solve time 0.1 ms 0.7 ms 3.2 ms

cold start OSC iterations 27 41 53

cold start OSC solve time 1.5 ms 30.8 ms 177.7 ms

warm start OSC iterations 5.1 5.9 4.8

warm start OSC solve time 0.3 ms 4.4 ms 16.1 ms

Table 4.2: OSC results for the portfolio optimization problem.

The solution to the above problem is as follows: If vi + Sκi/ρ(wi) ≥ 0 then xi = vi

and ui = Sκi/ρ(wi), otherwise ui = Sκi/2ρ((wi − vi)/2) and xi = −ui. For t = T the

solution is simply ui = Sκi/2ρ((wi − vi)/2) and xi = −ui.

Numerical instances. For simplicity we consider the time-invariant case, that is

the data are constant over time. For more details about how the data were generated

see [27]. The correlations between assets were selected to be between −0.4 and 0.6.

The expected returns were chosen so that all the assets made returns from 0.01% to

3% per period. For all instances below we chose ρ = 0.1 and relaxation parameter

α = 1.8. Again in this case the time required to calculate the proximal step was

negligible (less than 0.05 ms for the largest instance) and thus all computation was

performed on a single core. For the warm start we replaced the initial portfolio with a

random portfolio sampled from N (0, I); this produced initial portfolios with a norm

of roughly 20% the norm of the maximum position taken in the unperturbed solution.

The results are summarized in table 4.2.
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4.4.3 Robust state estimation

In this example we use noisy state measurements to estimate the state sequence for

a dynamical system acted on by a process noise. The system evolves according to

xt+1 = Atxt +Btut, t = 0, . . . , T − 1,

where here ut is a process noise. Our measurements are

yt = Ctxt + vt, t = 0, . . . , T,

where vt ∈ Rp is a measurement noise. We assume the process and measurement

noises are independent. We know the initial state of the system, xinit.

The maximum-likelihood estimate of the state sequence is found by solving the

problem

minimize
∑T
t=0 ht(ut) + gt(yt − Ctxt)

subject to xt+1 = Atxt +Btut, t = 0, . . . , T − 1

x0 = xinit.

where ht is the negative log density of ut, and gt is the negative log density of vt. As-

suming these are convex functions (i.e., ut and vt have log-concave distributions), this

problem has our form. The stage cost is state-control separable. If these distributions

are Gaussian, this problem is quadratic.

As a more specific example, we take vt to have a Gaussian distribution, so gt is

convex quadratic, but we take ht to be the circular Huber function with half-width

M , i.e.,

ht(ut) =


(1/2)‖ut‖22 ‖ut‖2 ≤M

M(‖ut‖2 −M/2) ‖ut‖2 > M.

This corresponds to a process noise that is Gaussian for ‖ut‖2 ≤ M , with fat (expo-

nential) tails for ‖ut‖2 > M .
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The proximal operator for the circular Huber function has the simple expression

argmin
u

(ht(u) + (ρ/2)‖u− v‖22) =

(
1−min

(
1

1 + ρ
,
M

ρ‖v‖2

))
v.

Numerical instances. We consider the case where At = A, Bt = I and Ct = C

for all t. All data were generated randomly, and we scaled A so that the system

was marginally stable. The measurement noise was sampled from a standard Normal

distribution, i.e., vt ∼ N (0, I). The process noise was generated as follows:

ut ∼


N (0, I) with probability 0.75

N (0, 10I) with probability 0.25,

so 25% of the noise samples were large outliers. We took the half-width of the

Huber function to be M = 1. For all instances we chose ρ = 0.1 and relaxation

parameter α = 1.8. Again the time required to calculate the proximal step was

negligible (less than 0.05 ms for the largest instance) and thus all computation was

single threaded. For the warm start we perturbed each entry of the initial vector by

a random proportion sampled from a uniform distribution on [−0.1, 0.1]. The results

are summarized in table 4.3.

4.4.4 Supply chain management

We consider a single commodity supply chain management problem. The supply

chain network is described by a directed graph, with n nodes corresponding to ware-

houses or storage locations, and the m edges corresponding to shipment links between

warehouses, as well as from sources and to sinks (which supply or consume the good).

The state xt ∈ Rn
+ is the amount of the commodity stored in each of the n ware-

houses, and the control ut ∈ Rm
+ is the amount of the commodity shipped along each

of the m edges. The dynamics is

xt+1 = xt + (B+ −B−)ut,
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small medium large

state dimension n 10 30 50

input dimension m 10 30 50

measurement dimension p 5 10 20

horizon length T 30 60 100

total variables 620 3660 10100

CVX solve time 700 ms 1900 ms 8000 ms

factorization time 0.5 ms 8.7 ms 48.3 ms

KKT solve time 0.0 ms 0.6 ms 2.5 ms

cold start OSC iterations 21 25 29

cold start OSC solve time 0.9 ms 14.9 ms 76.7 ms

warm start OSC iterations 7.5 8.0 7.7

warm start OSC solve time 0.3 ms 4.8 ms 20.5 ms

Table 4.3: OSC results for the robust state estimation problem.

where B+
ij = 1 if edge j enters node i, B−ij = 1 if edge j leaves node i. Each column

of the matrix (B+ − B−) corresponding to an edge between warehouses has exactly

one entry 1 and one entry −1, and all other entries are zero. If the edge connects to

a source then that column has 1 and no other entries, if it connects to a sink then

that column has just a −1.

The warehouses have a capacity C ∈ Rn
+, so 0 ≤ xt ≤ C. We cannot ship out of

any warehouse more than is on hand, so we have the constraint B−ut ≤ xt, in addition

to 0 ≤ ut ≤ U , where U gives the maximum possible shipping levels. (For edges that

come from sources, we interpret the corresponding entry of U as a maximum possible

supply rate; for edges that go to sinks, we interpret the corresponding entry of U as

a maximum demand.)

The stage cost consists of quadratic storage charges, linear transportation charges,

the linear cost of acquiring the commodity, and the linear revenue we earn from sinks:

qTt x+ q̃Tt x
2 + rTt ut
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where qt > 0 and q̃t > 0 give the storage cost, and the entries of the vector rt give

the transportation cost, (for edges between warehouses), the cost of acquisition (for

sources), and the revenue (for sinks).

We split the stage cost as

φt(xt, ut) = qTt xt + q̃Tt x
2
t + rTt ut,

and ψt the indicator function of the constraints,

B−ut ≤ xt ≤ C, 0 ≤ ut ≤ U.

The proximal step can be found by first noting that the problem can be decom-

posed across the n nodes, including all outgoing edges from the node. (Edges coming

in from sources are readily handled separately, since their only constraint is that they

lie in the interval.) For each node we solve a problem of the form

minimize
∑k
j=1(uj − wj)2 + (x− v)2

subject to
∑k
j=1 uj ≤ x ≤ C

0 ≤ uj ≤ Uj, j = 1, . . . , k,

over x ∈ R and u ∈ Rk, where k is the out-degree of the node. Introducing a Lagrange

multiplier λ for the constraint
∑k
j=1 uj ≤ x, we end up with

ui = sat
[0,U ]

(wi − λ), x = sat
[0,C]

(v + λ).

The solution is found as the smallest value of λ ≥ 0 for which
∑k
j=1 uj ≤ x holds.

This value can be found using, for example, bisection.

Numerical instances. To generate the graph we distributed warehouses randomly

on a unit square, and connected warehouses together that were closer than a threshold,

selected so that the graph was fully connected. The cost to traverse an edge was

proportional to the distance between the warehouses on the square, plus a small
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small medium large

warehouses n 10 20 40

edges m 25 118 380

horizon length T 20 20 20

total variables 735 2898 8820

CVX solve time 500 ms 1200 ms 3300 ms

factorization time 0.3 ms 1.3 ms 4.7 ms

KKT solve time 0.0 ms 0.1 ms 0.3 ms

single-thread prox step time 0.1 ms 0.4 ms 1.3 ms

multi-thread prox step time 0.0 ms 0.1 ms 0.4 ms

cold start OSC iterations 82 77 116

cold start OSC solve time 4.6 ms 19.1 ms 88.1 ms

warm start OSC iterations 21.9 31.0 24.2

warm start OSC solve time 1.2 ms 7.5 ms 18.5 ms

Table 4.4: OSC results for the supply chain example.

perturbation. We created dummy warehouses to act as sources in one corner of

the square and others to act as sinks in the opposite corner, and connected them

to nearby warehouses. This ensured that to get from a source to a sink required

traversing through several intermediary warehouses. The warehouse capacities were

all chosen to be 2, the edge limits were all chosen to be 1. The revenues from sinks

were chosen to have a mean of −15 the cost of acquisition from sources were chosen

to have a mean of 5.

For all instances we chose ρ = 2.5 and relaxation parameter α = 1.8. In this case

the time required to calculate the proximal step was not negligible, so we report times

for both single-threaded and multi-threaded prox step calculation. For the warm start

we perturbed each entry of the initial vector by a random proportion sampled from

a uniform distribution on [−0.1, 0.1]. The results are summarized in table 4.4.
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small medium large

box constrained quadratic 8.4 ms 99.9 ms 1750.3 ms

portfolio optimization 29.4 ms 879.1 ms 5036.0 ms

robust state estimation 17.7 ms 430.3 ms 2244.5 ms

supply chain management 125.9 ms 595.9 ms 2817.7 ms

Table 4.5: Embedded processor timing results, cold start.

4.4.5 Embedded results

In this section we present timing results for an embedded processor running the

same examples as above. For these experiments computation was carried out on a

Raspberry Pi, which is a credit-card sized, single-board computer costing about $25

and capable of running Linux. The Raspberry Pi has an ARM1176 core with clock

speed 1GHz, 256Mb of RAM and a floating point unit (FPU). It typically draws less

than 2W of power. With the exception of the matrix factorization all computation

was performed in single-precision. Tables 4.5 and 4.6 summarize the timing results

for the cold start and warm start cases respectively. The embedded processor requires

roughly an order of magnitude more time to solve the problems than the quad-core

Intel Xeon machine, with larger problems requiring greater factors. However, even

examples with more than 10000 variables are solved in just a few seconds, and in all

cases the embedded processor solved the problem quicker than CVX on the quad-

core machine. Typically, embedded applications do not require very high accuracy

solutions, and so, in practice, computation times could be reduced by decreasing the

termination tolerances.

4.5 Conclusions

In this chapter we demonstrated an operator splitting technique that can solve optimal

control problems rapidly and robustly. Small problems are solved in a few milliseconds

or less; example problems with on the order of 10000 variables are solved in tens of

milliseconds. The speedup of OSC over other solvers, including fast and custom
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small medium large

box constrained quadratic 5.5 ms 76.4 ms 1019.9 ms

portfolio optimization 5.2 ms 129.1 ms 458.8 ms

robust state estimation 6.3 ms 138.6 ms 602.5 ms

supply chain management 34.0 ms 245.3 ms 592.8 ms

Table 4.6: Embedded processor timing results, warm start.

solvers specifically for the particular problem type, range from tens to thousands.

When the dynamics data do not change, the splitting method yields a division-free

algorithm, which can be implemented in fixed-point arithmetic.

We close with some comments about the applicability of this technique to the case

when the stage-cost functions ψt are non-convex. This situation is not uncommon

in practice. One common example is when a device (say, an internal combustion

engine or turbine) can be operated over some range, and in addition switched on or

off; an extreme example is where the control ut is restricted to a finite set of allowed

values. In this case the optimal control problem (4.1) is non-convex, and generally

hard to solve (exactly). For many of these cases, the proximal step can be carried

out efficiently (even though the problem that must be solved is non-convex), so the

operator splitting technique described in this chapter can be applied. In this case,

though, we have no reason to believe that the OSC method will converge, let alone

to a solution of the problem. On the other hand, when OSC is used on non-convex

problems, it is observed in practice that it typically does converge, to a quite good

solution. For a more detailed discussion of Douglas-Rachford splitting applied to

non-convex problems see [28, §9].
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Chapter 5

Multi-Period Investment

In this chapter we apply some of the techniques from the previous chapters to a

particular example, and examine performance and timing results. Our example is

that of dynamic trading of a portfolio of assets in discrete periods over a finite time

horizon, with arbitrary time-varying distribution of asset returns. The goal is to

maximize the total expected revenue from the portfolio, while respecting constraints

on the portfolio such as a required terminal portfolio and leverage and risk limits.

The revenue takes into account the gross cash generated in trades, transaction costs,

and costs associated with the positions, such as fees for holding short positions. Our

model has the form of a stochastic control problem with linear dynamics and convex

cost function and constraints. While this problem can be tractably solved in several

special cases, such as when all costs are convex quadratic, or when there are no

transaction costs, our focus is on the more general case, with nonquadratic cost terms

and transaction costs.

We show how to use linear matrix inequality techniques and semidefinite pro-

gramming to produce a quadratic bound on the value function, which in turn gives a

bound on the optimal performance. This performance bound can be used to judge the

performance obtained by any suboptimal policy. As a by-product of the performance

bound computation, we obtain an approximate dynamic programming policy that

requires the solution of a convex optimization problem, often a quadratic program,

77



CHAPTER 5. MULTI-PERIOD INVESTMENT 78

to determine the trades to carry out in each step. While we have no theoretical guar-

antee that the performance of our suboptimal policy is always near the performance

bound (which would imply that it is nearly optimal) we observe that in numerical

examples the two values are typically close.

5.1 Introduction

5.1.1 Overview

In this chapter we formulate the discrete-time finite horizon time-varying multi-period

investment problem as a stochastic control problem. By using state variables that

track the value of the assets, instead of more traditional choices of states such as the

number of shares or the fraction of total value, the stochastic control problem has

linear (but random) dynamics. Assuming that the costs and constraints are convex,

we arrive at a linear convex stochastic control problem.

This problem can be effectively solved in two broad cases. When there are no

transaction costs, the multi-period investment problem can be reduced to solving a

set of standard single-period investment problems; the optimal policy in this case is

to simply rebalance the portfolio to a pre-computed optimal portfolio in each step.

Another case in which the problem can be effectively solved is when the costs are

quadratic and the only constraints are linear equality constraints. In this case stan-

dard dynamic programming (DP) techniques can be used to compute the optimal

trading policies, which are affine functions of the current portfolio. We describe these

special cases in more detail in §5.3.3 and §5.3.2. The problem is also tractable when

the number of assets is very small, say two or three, in which case brute force dynamic

programming can be used to compute an optimal policy.

Most problems of interest, however, include significant transaction costs, or include

terms that are not well approximated by quadratic functions. In these cases, the

optimal investment policy cannot be tractably computed. In such situations, several

approaches can be used to find suboptimal policies, including approximate dynamic

programming (ADP) and model predictive control (MPC). The performance of any
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suboptimal policy can be evaluated using Monte Carlo analysis, by simulation over

many return trajectories. An obvious practical (and theoretical) question is, how

suboptimal is the policy? In this chapter we address this question.

Using linear matrix inequality (LMI) techniques widely used in control system

analysis and design [26,59,146], we construct a (numerical) bound on the best perfor-

mance that can be attained, for a given problem. The method requires the construc-

tion and solution of a semidefinite program (SDP), a convex optimization problem

involving matrix inequalities. We can compare the bound on performance with the

performance attained by any suboptimal policy; when they are close, we conclude

that the policy is approximately optimal (and that the performance bound is nearly

tight). Even when the performance bound and suboptimal policy performance are

not close, we at least have a bound on how suboptimal our suboptimal policy can be.

The performance bound computation yields a quadratic approximation (in fact,

underestimator) of the value functions for the stochastic control problem. These

quadratic value function approximations can be used in an ADP policy, or as the

terminal cost in an MPC policy. While we have no a priori guarantee that the gap

between the performance bound and the performance of the ADP policy will always

be small, simulations show that the ADP and MPC policies achieve performance that

is often nearly optimal.

Our methods for computing the performance bound, as well as implementing the

ADP and MPC suboptimal policies, rely on (numerically) solving convex optimization

problems, for which there are efficient and reliable algorithms available [30, 133, 134,

142,188]. The performance bound computation requires solving SDPs [30,175], which

can be done using modern interior-point cone solvers such as SeDuMi or SDPT3 [164,

169, 173]. Parser-solvers such as CVX or YALMIP [78, 114] allow the user to specify

the SDPs in a natural high-level mathematical description form, greatly reducing the

time required to form and solve the SDPs. The SDPs that we solve involve T matrices

of size n × n, where n is the number of assets, and T is the trading period horizon.

These SDPs can be challenging to solve (depending on n and T , of course), using

generic methods; but this computation is done once, off-line, before trading begins.

Evaluating the ADP suboptimal policy in each period (i.e., determining the trades
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to execute) requires solving a small and structured convex optimization problem with

(on the order of) n scalar variables. Solving these problems using generic solvers

might take seconds, or even minutes, depending on the problem size and types of

constraints and objective terms. But recent advances have shown that if the solver is

customized for the particular problem family, orders of magnitude speed up is possible

[120–123,182]. This means that the ADP trading policies we design can be executed

at time scales measured in milliseconds or microseconds for modest size problems

(say, tens of assets), even with complex constraints. In addition, the trading policies

we design can be tested and verified via Monte Carlo simulation very efficiently. For

example, the simulation of the numerical examples of the ADP policies reported in this

chapter required the solution of around 50 million quadratic programs (QPs). These

were solved in a few hours on a desktop computer using custom solvers generated by

CVXGEN, a code generator for embedded convex optimization [122].

Evaluating the MPC policy also requires the solution of a structured convex opti-

mization problem, with (on the order of) nT variables. If a custom solver is used, the

computational effort required to solve this optimization problem is approximately T

times the effort required to evaluate the ADP policy. One major advantage of MPC is

that it does not require any pre-computation; to implement the ADP policy, we must

first solve a large SDP to find the approximate value functions. As a result, MPC

can directly incorporate real-time signals, such as changes in future return statistics.

5.1.2 Prior and related work

Portfolio optimization has been studied and used for more than 60 years. In this

section our goal is to give a brief overview of some of the important research in this

area, focussing on work related to our approach. Readers interested in a broader

overview of the applications of stochastic control and optimization to economics and

finance should refer to, e.g., [1, 55,94,141,166,191].

Single-period portfolio optimization. Portfolio optimization was first intro-

duced by Markowitz in 1952 [119]. Markowitz formulated a single period portfo-

lio investment problem as a quadratic optimization problem with an objective that
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trades off expected return and variance. Since this first work, many papers have

extended the single period portfolio optimization framework. For example, Gold-

smith [74] is one of the first papers to include an analysis of the effect of transaction

costs on portfolio selection. Modern convex optimization methods, such as second-

order cone programming (SOCP), are applied to portfolio problems with transaction

costs in [112,113]. Convex optimization methods have also been used to handle more

sophisticated measures of risk, such as conditional value at risk (CVaR) [103,152].

Dynamic multi-period portfolio optimization. Early attempts to extend the

return-variance tradeoff to multi-period portfolio optimization include [129,168]. One

of the first works on multi-period portfolio investment in a dynamic programming

framework is by Merton [126]. In this seminal paper, the author considers a problem

with one risky asset and one risk-free asset; at each continuous time instant, the

investor chooses what proportion of his wealth to invest and what to consume, seeking

to maximize the total utility of the wealth consumed over a finite time horizon. When

there are no constraints or transaction costs, and under some additional assumptions

on the investor utility function, Merton derived a simple closed-form expression for

the optimal policy. In a companion paper [155], Samuelson derived the discrete-time

analog of Merton’s approach.

Constantinides [41] extended Samuelson’s discrete-time formulation to problems

with proportional transaction costs. In his paper, Constantinides demonstrated the

presence of a convex ‘no-trade cone’. When the portfolio is within the cone the

optimal policy is not to trade; outside the cone, the optimal policy is to trade to the

boundary of the cone. (We will see that the policies we derive in this chapter have

similar properties.) Davis and Norman [44] and Dumas and Lucian [54] derived similar

results for the continuous-time formulation. In [43], the authors consider a specific

multi-period portfolio problem in continuous time, where they derive a formula for

the minimum wealth needed to hedge an arbitrary contingent claim with proportional

transaction costs. More recent work includes [34,35,171]; in these the authors develop

affine recourse policies for discrete time portfolio optimization.
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Log-optimal investment. A different formulation for the multi-period problem

was developed by Kelly [99], where it was shown that a log-optimal investment strat-

egy maximizes the long-term growth rate of cumulative wealth in horse-race markets.

This was extended in [31] to general asset returns and further extended to include

all frictionless stationary ergodic markets in [3] and [42]. More recently, Iyengar [90]

extended these problems to include proportional transaction costs.

Optimal execution. An important special case of the multi-period portfolio prob-

lem is the optimal execution problem, where we seek to execute a large block of

trades while incurring as small a cost as possible. In [20] Bertsimas and Lo model the

practical problem of price impact, where the act of trading affects the asset prices,

and derive an optimal trading policy using dynamic programming methods. Almgren

and Chriss [4] address the optimal execution problem, including volatility of revenue.

They show that the optimal policy can be obtained with additional restrictions on

the price dynamics.

Linear-quadratic multi-period portfolio optimization. Optimal policies for

unconstrained linear-quadratic portfolio problems have been derived for continuous-

time formulations by Zhou and Li [190], where the authors solve a continuous-time

Riccati equation to compute the value function. In [107] this was extended to include

a long-only constraint. Skaf and Boyd [161], and Gârleanu and Pederson [65], point

out that the multi-period portfolio optimization problem with linear dynamics and

convex quadratic objective can be solved exactly. For problems with more complex

objective terms, such as proportional transaction costs, Skaf and Boyd use the value

functions for an associated quadratic problem as the approximate value functions in

an ADP policy. In [86] the authors formulate a multi-period portfolio problem as a

linear stochastic control problem, and propose an MPC policy.

Performance bounds. In problems for which an optimal policy can be found, the

optimal performance serves as a (tight) bound on performance. The present chapter

focuses on developing a numerical bound on the optimal performance for problems
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for which the optimal policy cannot be found. Brown and Smith, in [32], compute a

bound on optimal performance and derive a heuristic policy that achieves a perfor-

mance close to the bound. In their work, the bound is given by the performance of

an investor with perfect information about future returns, plus a penalty for clairvoy-

ance. In [82] the authors construct an upper bound on a continuous time portfolio

utility maximization problem with position limits. They do this by solving an un-

constrained ‘fictitious problem’ which provides an upper bound on the value function

of the original problem. In [128], the authors describe a class of linear rebalancing

policies for the discrete-time portfolio optimization problem. They develop several

bounds, including a bound based on a clairvoyant investor and a bound obtained by

solving an unconstrained quadratic problem. Desai et al., in [51], develop a bound for

an optimal stopping problem, which is useful in a financial context for the pricing of

American or Bermudan derivatives amongst other applications. The bound is derived

from a dual characterization of optimal stopping problems as optimization problems

over the space of martingales.

5.1.3 Outline

We structure this chapter as follows. In §5.2 we formulate a general multi-period

investment problem as a linear convex stochastic control problem, using somewhat

nontraditional state variables, and give examples of (convex) stage cost terms and

portfolio constraints that arise in practical investment problems, as well as mentioning

some nonconvex terms and constraints that do not fit our model. In §5.3 we review

the dynamic programming solution of the stochastic control problem, including the

special case when the stage costs are convex quadratic. In §5.4 we give our method

for finding a performance bound in outline form; lengthy derivations for this section

are pushed to appendices A.2–A.1. We describe MPC in §5.6. In §5.7 we report

numerical results for several examples, using both ADP and MPC trading policies.
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5.2 Stochastic control formulation

5.2.1 Model

Portfolio. We manage a portfolio of n assets over a finite time horizon, which is

divided into discrete time periods t = 0, 1, . . . , T , which need not be uniformly spaced

in real time. We let xt ∈ Rn denote the portfolio (or vector of positions) at time t,

where (xt)i is the dollar value of asset i at the beginning of time period t, with

(xt)i < 0 meaning a short position in asset i. For discussion on the relative merits

of tracking the value of the assets rather than the number of units of each asset see,

e.g., [95–97, 158]. The dollar value is computed using the current reference price for

each asset, which can differ from the current prices in an order book, such as the bid

or ask price; a reasonable choice is the average of the bid and ask prices. We assume

that the initial portfolio, x0, is given. One of the assets can be a risk-free or cash

account, as in a traditional formulation, but since we will be separately tracking cash

that enters and leaves the portfolio, this is not needed.

Trading. We can buy and sell assets at the beginning of each time period. We let

ut ∈ Rn denote the dollar values of the trades: (ut)i > 0 means we buy asset i at

the beginning of time period t and (ut)i < 0 means we sell asset i at the beginning of

time period t. We define the post-trade portfolio as

x+t = xt + ut, t = 0, 1, . . . , T,

which is the portfolio in time period t immediately after trading. For future reference,

we note that 1Txt is the total value of the portfolio (before trading), 1Tut is the total

cash we put into the portfolio to carry out the trades (not including transaction

costs, discussed below), and 1Tx+t is the total value of the post-trade portfolio, where

1 denotes the vector with all entries one.
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Investment. The post-trade portfolio is held until the beginning of the next time

period. The portfolio at the next time period is given by

xt+1 = Rt+1x
+
t , t = 0, 1, . . . , T − 1, (5.1)

where Rt+1 = diag(rt+1) ∈ Rn×n is the diagonal matrix of asset returns, and rt+1

is the vector of asset returns, from period t to period t + 1. The return rt+1 is of

course not known at the beginning of period t, so the choice of trades ut must be

made without knowledge of rt+1. The dynamics (5.1) is linear (but unknown at time

t); this is not the case when other state variables are chosen, such as the number of

shares of each asset, or the fractional value of each asset in the portfolio.

Return model. We assume that rt are independent random (vector) variables,

with known distributions, with mean and covariance

E rt = rt, E(rt − rt)(rt − rt)T = Σt, t = 1, . . . , T.

Our assumption of independence of returns in different periods means that our for-

mulation does not handle phenomena such as momentum or mean-reversion, or more

sophisticated models for variance such as GARCH. The returns are typically non-

negative, but we will not use this assumption in the sequel. Time variation of the

return distribution can be used to model effects such as predictable time variation in

volatility, or non-uniformly spaced time periods. We note for future use that the total

value of the portfolio after the investment period (or equivalently, at the beginning

of the next time period) is given by 1Txt+1 = rTt+1x
+
t .

Trading policy. The trades are determined in each period by the trading policy

φt : Rn → Rn:

ut = φt(xt), t = 0, . . . , T.

Thus, at time t, the trades ut depend only on the portfolio positions xt. (For the

problem we consider, it can be shown that there is no advantage to including past
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state values, or past returns, in the trading policy; see, e.g., [13, 16, 18].) For fixed

φ0, . . . , φT , the portfolio and trades x0, . . . , xT and u0, . . . , uT become random vari-

ables. Since x0 is given, we can assume that φ0 is a constant function.

Cash in. The amount of cash we put into the portfolio at the beginning of time

period t is given by `t(xt, ut), t = 0, . . . , T , where `t : Rn×Rn → R∪{∞} is a closed

convex function we will describe in detail in §5.2.2; it includes the gross cost of (or

revenue from) trades, transaction costs, and other costs associated with holding the

portfolio. We will refer to `t(xt, ut) as the stage cost for period t, and −`t(xt, ut) as

the revenue or income from the portfolio in time period t. We refer to `T (xT , uT ) as

the terminal cost. Infinite values of `t(xt, ut) are used to encode hard constraints on

the portfolio, described in detail in §5.2.2, such as leverage or risk limits or a required

final portfolio.

Time variation in the stage cost functions can be used to model many effects.

Simple examples include handling terminal costs and constraints, and including a

discount factor to take into account the time value of the revenue in different periods.

We can also model predictable variation in transaction cost parameters, or enforce

leverage or risk limits that vary with time.

Objective. Our overall objective is the expected total cost,

J = E
T∑
t=0

`t(xt, ut),

where the expectation is over the returns sequence r1, . . . , rT , and ut = φt(xt). (We

assume the expectations exist.) Thus −J is the total expected revenue from the

portfolio. If a discount factor has been incorporated into the stage cost functions, −J
is the expected present value of the revenue stream.

Stochastic control. The optimal investment problem is to determine a trading

policy φt, t = 0, . . . , T , that minimizes J , i.e., maximizes the expected total revenue.

We let J? denote the optimal value of J , and we let φ?t , t = 0, . . . , T , denote an
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optimal policy. This is a stochastic control problem with linear dynamics and convex

stage cost. The data for the problem is the distribution of rt, the stage cost functions

`t, and the initial portfolio x0.

Our goal here is not to address the many technical conditions arising in stochastic

control (some of which can have ramifications in practical problems). For example,

the problem may be unbounded below, i.e., we can find policies that make the total

expected revenue arbitrarily negative, in which case J? = −∞. As another example,

the optimal value J? can be finite, but a policy that achieves the optimal value does

not exist. For discussion of these and other pathologies, and more technical detail,

see [13, 16,18].

Real-time signals. Our model assumes that the return statistics (but of course

not the returns) are known ahead of time, over the whole trading period. Indeed, we

will see that the optimal trading policies, as well as our suboptimal trading policies,

depend on all values of rt and Σt. Thus, our formal model does not allow for the use

of real-time signals in the return distribution model, i.e., the use of real-time data,

financial or non-financial, to update or predict the future return distributions during

the trading period.

Signals can be formally incorporated into the model, for example, by assuming

that the returns are independent, given the current signal values. While much of

what we discuss in this chapter can be generalized to this setting, it is far more

complex, so we defer it to future work. As a practical matter, however, we note that

the trading algorithms we describe can readily incorporate the use of signals, at least

informally. We simply re-compute the policies whenever our estimates of the future

return statistics change due to signals.
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5.2.2 Stage cost function

In this section we detail some of the possible forms that the stage cost function can

take. Its general form is

`t(x, u) =


1Tu+ ψt(x, u) x+ u ∈ Ct

∞ otherwise,

where Ct ⊆ Rn is the post-trade portfolio constraint set, and ψt : Rn ×Rn → R is a

cost, with units of dollars, for period t. We assume that ψt and Ct are closed convex,

with Ct nonempty. The term 1Tu is the gross cash we put into the portfolio due to the

trades, without transaction costs. The term ψt(x, u) represents any additional amount

we pay for the portfolio and trades. The post-trade constraint set Ct will capture

constraints on the post-trade portfolio. We will refer to ψt as the transaction cost

function, even though it can also include terms related to positions. The transaction

cost ψt is typically nonnegative, but we do not need to assume this in the sequel; we

intepret −ψt(xt, ut) as additional revenue when ψt(xt, ut) is negative.

5.2.3 Post-trade constraints

The post-trade constraint set (or more simply, the constraint set) Ct defines the set

of acceptable post-trade portfolios. Since Ct is nonempty, it follows that for any value

of xt, we can find a ut for which x+t = xt + ut ∈ Ct.
We impose explicit constraints only on the post-trade portfolio x+t , and not on the

portfolio itself. One reason is that we have control over the post-trade portfolio, by

buying and selling (i.e., through ut); whereas the (pre-trade) portfolio xt is determined

by the (random) return rt in the previous period, and is not directly under our control.

In many cases a constraint on the post-trade portfolio implies a similar constraint on

the portfolio, with some reasonable assumption about the return distribution (such

as nonnegativity). For example, if we impose a nonnegativity (long-only) constraint

on x+t and the returns are always nonnegative, then the portfolio values xt are also

nonnegative (long-only).
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We now describe examples of portfolio constraints that are useful in practice; we

can of course impose any number of these, taking Ct to be the intersection.

Position limits. The portfolio may be subject to constraints on the post-trade

positions, such as minimum and maximum allowed positions for each asset:

xmin
t ≤ x+t ≤ xmax

t ,

where the inequalities are elementwise and xmin and xmax are given (vectors of) mini-

mum and maximum asset holdings, given in dollars. For this constraint Ct is a box in

Rn. One special case is x+t ≥ 0, which means our (post-trade) portfolio can include

only long positions. This corresponds to Ct = Rn
+, where R+ is the set of nonnegative

reals.

Position limits can also be expressed relative to the total portfolio value; for

example,

x+t ≤ (1Tx+t )αt,

with αt ∈ Rn with positive entries, requires the value in asset i does not exceed

the fraction (αt)i of the total portfolio value. This constraint is convex, with Ct a

polyhedron.

Some simple position limits that are not convex, and so cannot be used in our

model, include minimum nonzero positions, or the restriction that assets are held in

integer multiples of some block size (such as 100 shares).

Total value minimum. We can require that the post-trade portfolio maintain

minimum total value vmin
t , which is the constraint 1Tx+t ≥ vmin

t . When the pre-trade

portfolio value falls 1Txt below vmin
t (say, because of a very unfavorable return in the

last period), we are required to put cash into the portfolio to bring the total value

back up to vmin
t . Several other portfolio constraints described below indirectly impose

a minimum post-trade portfolio value, typically, zero. This constraint corresponds to

Ct being a halfspace.
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Terminal portfolio constraints. The simplest terminal constraint is x+T = xterm,

where xterm is a given portfolio, i.e., CT = {xterm}. (This constraint is the same as

fixing the last trade to be uT = xterm − xT .) In this case our multi-period trading

problem is the optimal execution problem: We seek the policy that starts from the

given initial portfolio at t = 0, achieves the given final (post-trade) portfolio at t = T ,

while minimizing expected cost. When x0 is nonzero and xterm = 0, the problem is

to ‘unwind’ the positions x0, i.e., to cash out of the market over the given period,

maximizing expected revenue. When x0 = 0 and xterm is some given portfolio, the

problem is to make investments over the period to achieve a desired portfolio, at

minimum cost. A special case is x0 = xterm = 0, which means the trading starts and

ends with no holdings.

Short position and leverage limits. In the simplest case we impose a fixed limit

on the total short position in the post trade portfolio:

1T (x+t )− ≤ Smax
t ,

where (x)− = max(−x, 0) and Smax
t ≥ 0 is the maximum allowed total short position.

This constraint is convex (in fact, polyhedral), since the lefthand side is a piecewise

linear convex function.

We can also limit the total short position relative to the total value of the post-

trade portfolio:

1T (x+t )− ≤ ηt1
Tx+t , (5.2)

where ηt ≥ 0, sets the maximum ratio of total short position to total portfolio value.

This constraint is convex (in fact, polyhedral), since the lefthand side is a piecewise

linear convex function, and the righthand side is a linear function of x+t . This limit

requires the total post-trade value to be nonnegative; for ηt = 0 it reduces to a

long-only constraint.

The limit (5.2) can be written in several other ways, for example, it is equivalent

to

1T (x+t )− ≤
ηt

1 + ηt
1T (x+t )+,
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where (x)+ = max(x, 0). In other words, we limit the ratio of the total short to total

long positions.

A traditional leverage limit, which limits the ratio of the total short plus total

long positions to the total assets under management, can be expressed as

‖x+t ‖1 = 1T (x+t )− + 1T (x+t )+ ≤ Lmax
t A,

where Lt > 0 is the leverage limit, and A > 0 is the total value of the assets under

management. (As a variation on this, we can replace A with A+ 1Tx+t .)

Sector exposure limits. We can include the constraint that our post-trade port-

folio has limited exposure to a set of economic sectors (such as manufacturing, en-

ergy, technology) or factors (determined by statistical analysis of returns). These

constraints are expressed in terms of a matrix Ft ∈ Rk×n, called the factor loading

matrix, that relates the portfolio to a vector of k sector exposures: (Ftx
+
t )j is the

sector exposure to sector j. A sector exposure limit can be expressed as

smin
t ≤ Ftx

+
t ≤ smax

t ,

where smin
t and smax

t are (vectors of) given lower and upper limits on sector exposures.

A special case is sector neutrality, which is the constraint

(Ftx
+
t )j = 0 (5.3)

(for sector j neutrality). Sector exposure limits are linear inequality constraints, and

sector neutrality constraints are linear equality constraints on x+t .

Sector limits can also be expressed relative to the total portfolio value, as in

Ftx
+
t ≤ (1Tx+t )αt,

which limits the (positive) exposure in sector i to no more than the fraction (αt)i of

the total portfolio value.
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Concentration limit. A concentration limit requires that no more than a given

fraction of the portfolio value can be held in some given fraction (or just a specific

number p) of assets. This can be written as

p∑
i=1

(x+t )[i] ≤ βt1
Tx+t ,

where βt > 0, and the notation a[i] refers to the ith largest element of the vector a.

The lefthand side is the sum of the p largest post-trade positions, which is a convex

function of x+t , and the righthand side is a linear function, so this constraint is convex

(in fact, polyhedral) [30, §3.2.3]. This constraint implies that the post-trade portfolio

has nonnegative value.

Variance and standard deviation risk limits. We can limit the risk in the post-

trade portfolio, using the traditional measure of risk based on variance of post-trade

portfolio value over the next period, that is, the variance given xt and ut,

var(1Txt+1 | x+t ) = (x+t )TΣt+1x
+
t .

This is a (convex) quadratic function of x+t . A simple risk limit can then be expressed

as

(x+t )TΣt+1x
+
t ≤ γt,

where γt > 0 is a given maximum variance (with units of dollars squared). This

constraint is convex; in fact, the associated constraint set is an ellipsoid.

The risk limit above is fixed (for each t). By working with the standard deviation,

we can develop risk limits that scale with total portfolio value. This allows us to limit

the risk (measured in standard deviation, which has units of dollars) to some fraction

of the post-trade portfolio value,

((x+t )TΣt+1x
+
t )1/2 = ‖Σ1/2

t+1x
+
t ‖2 ≤ δt1

Tx+t ,

where δt > 0 (and is unitless, since left and righthand sides have units of dollars).
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These are convex constraints, in fact, second-order cone (SOC) constraints [30, §4.4.2].

They are also homogeneous constraints; that is, the allowed risk scales with the value

of the post-trade portfolio. These constraints require the post-trade portfolio value

to be nonnegative.

More sophisticated risk limits. There are many risk measures that are more

sophisticated than variance, but are also convex in x+t , and therefore fit into our

framework. For example, suppose that we do not know the return covariance matrix,

but are willing to assume it lies in the convex hull of a set of given covariance matrices

Σ1, . . . ,Σq. (We can think of these as the return covariance under q market regimes,

or under q possible scenarios.) We can impose a constraint that limits our return

variance, under all such scenarios, as

(x+t )TΣix+t ≤ γt, i = 1, . . . , q.

The associated constraint set is the intersection of ellipsoids (and therefore convex).

Moving beyond quadratic risk measures, we can limit the expected value of a

function of period loss,

E(χ(1Txt+1 − rTt+1x
+
t ) | x+t ) ≤ γt,

where χ : R → R is convex (and typically decreasing). For χ(v) = v2 we recover

quadratic risk; for χ(v) = (v)2−, this is downside quadratic risk; for χ(v) = (v − v0)−,

it is related to conditional value at risk (CVaR) [8, 152]. For such measures the

constraint is convex, but not easily handled; typically, one has to resort to Monte

Carlo methods to evaluate the risk measure, and stochastic optimization to handle

them in an optimization setting; see, e.g., [12, 23,36,144,160].

5.2.4 Transaction and position costs

In this section we describe some of the possible forms that the transaction (and

position) cost function ψ can take. Any number of the terms below can be combined
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by simple addition, which preserves convexity.

Broker commission. When trades are executed through a broker, we can be

charged a commission for carrying out the trade on our behalf. In a simple model

this cost is proportional to the total trade volume, which gives

ψt(xt, ut) = κTt |ut|,

where κt ≥ 0 is the vector of commission rates, and the absolute value is element-

wise. When the commission rates are equal across assets, this reduces to ψt(xt, ut) =

κt‖ut‖1, where κt ≥ 0 is a scalar. A more general form charges different rates for

buying and selling:

ψt(xt, ut) = (κbuyt )T (ut)+ + (κsellt )T (ut)−,

where κbuyt and κsellt are nonnegative vectors of buying and selling commission rates.

These are all convex functions.

Some broker commission charges, such as charging a flat fee for any (nonzero)

amount of trading in an asset, or offering a relative discount for large orders, are

nonconvex; see, e.g., [112] for methods for dealing with these nonconvex terms using

convex optimization.

Bid-ask spread. The prices at which we buy or sell an asset are different, with

the difference referred to as the bid-ask spread; the mid-price is the average of the

buy and sell prices. If we use the mid-price for each asset as our reference price for

converting shares held into our portfolio vector xt, this means that we sell each asset

for a price lower than the mid-price and buy each asset for a price higher than the

mid-price. We can model this phenomenon as an additional transaction cost of the

form

ψt(xt, ut) = κTt |ut|,
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where (κt)i is one-half the bid-ask spread for asset i. (This has the same form as the

broker commission described above.)

Price-impact. When a large order is filled, the price moves against the trader as

orders in the book are filled. This is known as price impact. A simple model for

price-impact cost is quadratic,

ψt(xt, ut) = sTt u
2
t ,

where (st)i ≥ 0, and the square above is elementwise. Many other models can be

used, such as a 3/2 power transaction cost, ψt(xt, ut) = sTt |ut|3/2, or a general convex

piecewise linear transaction cost, which models the depth of the order book at each

price level. These are all convex functions of ut.

We are not modeling multi-period price impact, which is the effect of a large order

in one period affecting the price in future periods.

Borrowing/shorting fee. When going short, an asset must be borrowed from a

third party, such as a broker, who will typically charge a fee for this service propor-

tional to the value of the assets borrowed per period. This gives the (convex) position

cost

ψt(xt, ut) = cTt (x+t )−,

where (ct)i ≥ 0 is the fee rate, in period t, for shorting asset i.

More generally we can pay a fee for our total short position, perhaps as a default

insurance policy premium. Such a cost is an increasing convex function of 1T (x+t )−,

and is therefore also convex in xt.

Risk penalty. We have described risk limits as constraints in §5.2.3 above. We can

also take risk into account as a real or virtual additional charge that we pay in each

period. (For example, the charge might be paid to an internal risk management desk.)

In this case `t(xt, ut) is the risk-adjusted cost in time period t. Indeed, traditional

portfolio optimization is formulated in terms of maximizing risk-adjusted return (the
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negative of risk-adjusted cost).

The traditional risk adjustment charge is proportional to the variance of the next

period total value, given the current post-trade position, which corresponds to

ψt(xt, ut) = λt var(1Txt+1 | x+t ) = λt(x
+
t )TΣt+1x

+
t ,

where λt ≥ 0 is called the risk aversion parameter. This traditional charge is not

easy to interpret, since λt has units of inverse dollars. (The main appeal of using

variance is analytical tractability, which is not an issue when convex optimization

beyond simple least-squares is used.)

We can levy a charge based on standard deviation rather than variance, which

gives

ψt(xt, ut) = λt‖Σ1/2
t+1x

+
t ‖2,

where in this case λt ≥ 0 is dimensionless, and has the interpretation of standard

deviation cost rate, in dollar cost per dollar standard deviation. More generally,

the charge can be any increasing convex function of ‖Σ1/2
t+1x

+
t ‖2, which includes both

the standard deviation and variance charges as special cases. All such functions are

convex.

5.2.5 Quadratic and QP-representable stage cost

Here we describe two special forms for the stage cost, for future use.

Quadratic. An important special case occurs when `t is (convex) quadratic, pos-

sibly including linear equality constraints. This means that the transaction cost is

quadratic,

ψt(x, u) = (1/2)


x

u

1


T 

At Bt at

BT
t Ct ct

aTt cTt dt




x

u

1

 ,
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where  At Bt

BT
t Ct

 � 0,

(meaning, the matrix on the lefthand side is symmetric positive semidefinite), and

the constraint set is

Ct = {x | Gtx = ht}.

When the stage cost has this form, we refer to the multi-period portfolio optimization

problem as being quadratic. The quadratic problem is quite limited; it can include,

for example, a terminal portfolio constraint, a quadratic risk penalty, and a quadratic

transaction cost. The other constraints described above yield a problem that is not

quadratic.

QP-representable. We say that the stage cost is QP-representable if `t is convex

quadratic plus a convex piecewise linear function, possibly including linear equality

and inequality constraints. Such a function can be minimized by transformation to a

QP, using standard techniques (described, e.g., in [30, 133], and employed in convex

optimization systems such as CVX [78], YALMIP [114], and CVXGEN [122]).

Many of the transaction cost terms and constraints described above are QP-

representable, including leverage limits, sector exposure limits, concentration limits,

broker fees, bid-ask spread, and quadratic risk penalty. Quadratic and second-order

cone risk limits are not QP-representable, but can be represented as a second-order

cone problem (SOCP) [30, §4.4], [113].

5.3 Optimal policy

5.3.1 Dynamic programming

In this section we briefly review the dynamic programming characterization of the

solution to the stochastic control problem. For more detail, see, e.g., [9,13,16,50,127,

153].



CHAPTER 5. MULTI-PERIOD INVESTMENT 98

The (Bellman) value functions Vt : Rn → R, t = 0, . . . , T + 1 are defined by

VT+1 = 0, and the backward recursion

Vt(x) = inf
u

(`t(x, u) + EVt+1(Rt+1(x+ u))) , t = T, T − 1, . . . , 0, (5.4)

where the expectation is over the return rt+1. We can write this recursion compactly

as

Vt = TtVt+1, t = T, . . . , 0, (5.5)

where Tt is the Bellman operator, defined as

(Tth)(x) = inf
u

(`t(x, u) + Eh(Rt+1(x+ u))) ,

for h : Rn → R.

An optimal policy can be expressed in terms of the value functions as

φ?t (x) ∈ argmin
u

(`t(x, u) + EVt+1(Rt+1(x+ u))) , (5.6)

and the optimal cost is given by

J? = V0(x0).

This general dynamic programming solution method is not a practical algorithm,

since we do not in general have a method to represent Vt, let alone effectively carry out

the expectation and partial minimization operations. In the quadratic case (described

below), however, the Bellman iteration can be explicitly carried out, yielding an

explicit form for Vt and φ?t .

Monotonicity. For future use we note that the Bellman operator Tt is monotonic:

for any f : Rn → R and g : Rn → R,

f ≤ g =⇒ Ttf ≤ Ttg, (5.7)
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where the inequalities are interpreted pointwise [13,16].

Convexity. The value functions V0, . . . , VT+1 are convex, which we can show by a

(backward) recursion. We first observe that VT+1 = 0 is convex. We will show that

the Bellman operators Tt preserve convexity; this will show that all Vt are convex

functions.

To show that the Bellman operator Tt preserves convexity, suppose h is convex.

Then, for fixed Rt+1, h(Rt+1(x+ u)) is a convex function of (x, u); since expectation

preserves convexity, we conclude that Eh(Rt+1(x+ u)) is convex in (x, u). The stage

cost `t(x, u) is convex, so `t(x, u)+Eh(Rt+1(x+u)) is convex in (x, u). Finally, partial

minimization of this function (in this case, over u) preserves convexity, so we conclude

that Tth is convex. (For more on the convexity rules used above, see, e.g., [30, Ch.

3].)

One implication of the convexity of Vt is that evaluation of the optimal policy

(5.6) requires solving a convex optimization problem.

5.3.2 Quadratic case

When the problem is quadratic, i.e., `t are quadratic functions plus (possibly) linear

equality constraints, we can effectively compute Vt, which are also (convex) quadratic

functions. We give the argument in general form here, with more detail given in the

appendices.

The argument is similar to that for convexity of Vt, with the attribute ‘quadratic’

substituted for ‘convex’. We note that VT+1 is a quadratic function, and we will

show that the Bellman operators preserve quadratic functions. It follows that all Vt

are quadratic. Moreover we can explicitly compute the coefficients of the quadratic

functions, so the method can be implemented.

To show that the Bellman operator Tt preserves convex quadratic functions, sup-

pose h is convex quadratic. Then, for fixed Rt+1, h(Rt+1(x+u)) is a convex quadratic

function of (x, u); since expectation preserves convex quadratic functions, we conclude

that Eh(Rt+1(x + u)) is convex quadratic in (x, u). (To explicitly compute its co-

efficients requires knowledge of rt+1 and Σt+1, but no other attribute of the return
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distribution.) A detailed derivation, including fomulas for the coefficients, is given in

appendix A.2.

The stage cost `t(x, u) is assumed convex quadratic (plus linear equality con-

straints), so `t(x, u) + Eh(Rt+1(x + u)) is convex quadratic in (x, u) (since convex

quadratic functions are closed under addition). Finally, partial minimization of a

convex quadratic, possibly subject to linear equality constraints, preserves convex

quadratic functions, so we conclude that Tth is convex quadratic. See appendix A.3

for a detailed derivation, and explicit formulas for the coefficients.

The optimal trading policies require the minimization of a convex quadratic func-

tion of (x, u) over u (possibly, with equality constraints). The minimizer of a convex

quadratic function of (x, u), subject to linear equality constraints, can be expressed

explicitly as an affine function of x (see appendix A.3). Thus, the optimal trading

policies have the form

φ?t (x) = Jtx+ kt, t = 0, . . . , T, (5.8)

where Jt ∈ Rn×n and kt ∈ Rn can be explicitly computed. (We can without loss of

generality take J0 = 0.) This is one of the few cases for which the value functions (and

hence, the optimal policy), can be explicitly computed. The coefficients Jt and kt in

the optimal policy depend on the coefficients in the stage cost functions `τ (including

coefficients in any linear equality constraints), as well as rτ and Στ , for τ = t, . . . , T .

5.3.3 No transaction cost case

Here we consider another special case in which we can solve the stochastic control

problem. Suppose that ψt(x, u) is a function of x+ = x+u, which we write (with some

abuse of notation) as ψt(x
+). In other words, we exclude transaction costs (broker

fees, bid-ask spread, and price impact type terms); the only stage costs we have are

functions of the post-trade portfolio. (We have already assumed that the constraints

have this form.)
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The stage cost then has the form

`t(x, u) = 1Tx+ − 1Tx+ ψt(x
+) + It(x

+),

where It is the indicator function of Ct. The objective can then be written as

J = E
T∑
t=0

`t(xt, ut)

=
T∑
t=0

E
(
1Tx+t + ψt(x

+
t ) + It(x

+
t )
)
− 1Tx0 − E

T∑
t=1

rTt x
+
t−1

= −1Tx0 +
T∑
t=0

E
(
(1− rt+1)

Tx+t + ψt(x
+
t ) + It(x

+
t )
)
,

where we take rT+1 = 0. Thus, our problem is equivalent to a stochastic control

problem with the modified stage cost

˜̀
t(x, u) = (1− rt+1)

Tx+ + ψt(x
+) + It(x

+),

which is a function only of x+ = x+ u. This stochastic control problem has an asso-

ciated value function, which we denote by Ṽ , which satisfies (5.4) with the modified

stage cost function.

Using the modified stage cost, the minimization in the optimal policy (5.6) is over

a function of x+. To minimize a function of x+ = x+u over u, we simply minimize the

function over x+ to find x+?, and then take u = x+?−x. For the optimal policy (5.6),

we conclude that φ?t (xt) = x+?t − xt, where x+?t minimizes

(1− rt+1)
Tx+t + ψt(x

+
t ) + It(x

+
t ) + E Ṽt+1(Rt+1x

+
t )

over x+t . Moreover, the minimum value of this expression is independent of x, which,

together with (5.4), implies Ṽt are constant functions. It follows that we can find x+?t

as the minimizers of

(1− rt+1)
Tx+t + ψt(x

+
t ) + It(x

+
t ).

Thus, an optimal policy can be found as follows. For t = 0, . . . , T , we solve the
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problems

minimize (1− rt+1)
Tx+t + ψt(x

+
t )

subject to x+t ∈ Ct,
(5.9)

over variables x+t , to determine optimal post-trade portfolios x+?t . An optimal policy

simply rebalances to these optimal post-trade portfolios:

φ?t (x) = x+?t − x

(which is an affine policy, of a special form). The optimal objective J? is the sum of

the optimal values of the problems (5.9) less the total wealth of the initial portfolio,

1Tx0.

The optimization problems (5.9) are single-stage portfolio problems, which can be

solved independently (in parallel). When the stage-cost function is QP-representable,

they reduce to QPs; for standard deviation risk limits, they reduce to SOCPs.

In summary, when all stage costs are functions only of the post-trade portfolio,

the multi-period investment problem is readily solved using standard single-period

portfolio optimization. However, when cost terms that depend on u are included in the

model, such as broker commission, bid-ask spread, or price-impact, the full stochastic

control formulation is needed. These are significant terms in most practical multi-

period investment problems, which provides the motivation for developing a method

for handling them.

5.4 Performance bounds

Here we describe methods for computing a lower bound on the optimal value J?, using

techniques described in a recent series of papers [135, 179, 180, 183]. We describe the

development of these bounds starting from the high level ideas, and then proceed to

lower level details.

These methods are based on finding a set of convex quadratic functions V lb
t that

are underestimators of Vt, i.e., satisfy V lb
t ≤ Vt, where the inequality means pointwise.
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It follows that

J lb = V lb
0 (x0) ≤ V0(x0) = J?,

i.e., J lb is a lower bound on J?. We let V lb
t take the form

V lb
t (x) = (1/2)

 x

1


T  Pt pt

pTt qt


 x

1

 ,
where Pt � 0.

Bellman inequalities. The quadratic underestimators are found as follows. We

construct a set of quadratic functions that satisfy the Bellman inequalities, [47,85,118],

V lb
t ≤ TtV lb

t+1, t = T, . . . , 0, (5.10)

with V lb
T+1 = 0 (cf. the Bellman recursion equalities, given in (5.5)). By monotonicity

of the Bellman operator we get

V lb
T ≤ TTV lb

T+1 ≤ TTVT+1 = VT .

Continuing this argument recursively we see that

V lb
t ≤ Vt, t = 0, . . . , T + 1,

i.e., V lb
t are underestimators of Vt.

LMI conditions. Now we explain how to obtain quadratic functions that satisfy

the Bellman inequalities (5.10). For simplicity, we describe the method when ψt is

convex quadratic and Ct has the representation

Ct = {x | g1(x) ≤ 0, . . . , gs(x) ≤ 0, gs+1(x) = · · · = gM(x) = 0}, (5.11)
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where gi : Rn → R are convex quadratic constraint functions. (In fact, after appro-

priate problem transformations, this includes all of the transaction cost terms and

constraints described in §5.2.2, except for the more sophisticated risk bounds.)

The Bellman inequality (5.10) can be written as

V lb
t (x) ≤ 1Tu+ ψt(x, u) + EV lb

t+1(Rt+1(x+ u)), ∀(x+ u) ∈ Ct.

From appendix A.2 we know that when V lb
t+1 is convex quadratic, EV lb

t+1(Rt+1(x+u))

is also convex quadratic, so

1Tu+ ψt(x, u) + EV lb
t+1(Rt+1(x+ u))− V lb

t (x) (5.12)

is quadratic in (x, u). Thus, the Bellman inequality (5.10) requires that the quadratic

function (5.12) be nonnegative on the set Ct, which is described by the set of quadratic

inequalities (5.11).

A sufficient condition for a quadratic function to be nonnegative on a set described

by a set of quadratic inequalities can be obtained via the S-procedure [26, §2.6.3], [30,

§B.2], which results in a set of linear matrix inequalities (LMIs) in the coefficients of

V lb
t (see appendix A.1 for details). If Pt, pt, qt, t = 0, . . . , T + 1 satisfy these LMIs,

then V lb
t , t = 0, . . . , T + 1 must satisfy the Bellman inequalities (5.10), and hence are

value function underestimators. We can then maximize our lower bound on J?,

J lb = V lb
0 (x0) = (1/2)xT0 P0x0 + pT0 x0 + q0

(which is a linear function of the coefficients of V lb
t ), subject to these LMIs. This is

an SDP with variables Pt, pt, qt, t = 0, . . . , T + 1.

The details of this method, including a full derivation of the SDPs involved, can

be found in appendix A.4 and [180,183].

Summary. The method described in this section produces a (numerical) lower

bound on J?, the optimal value of the stochastic control problem, given the problem

data, i.e., the stage cost function and the first and second moments of the return
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distributions. We note that while the performance of any given policy can depend

on higher moments of the returns, our performance bound only depends on the first

and second moments. The method requires forming and solving an SDP, with on the

order of T matrix variables of size n× n.

5.5 Approximate dynamic programming

Except for the special case when the problem is quadratic, described in §5.3.2 above, it

is usually impossible to compute (or even represent) the value functions Vt. A common

alternative is to replace the value functions appearing in (5.6) with approximate (or

surrogate) value functions V̂t : Rn → R, which gives the ADP policy

φadp
t (x) ∈ argmin

u

(
`t(x, u) + E V̂t(Rt+1(x+ u))

)
, t = 0, . . . , T. (5.13)

When V̂t = Vt, the ADP policy is optimal; when V̂t = 0, the ADP policy is the greedy

policy, in which trades are chosen to minimize the current stage cost, without regard

for any impact on the future (other than those contained in the current stage cost).

When V̂t is convex, evaluating the ADP policy requires solving a convex optimization

problem. We let Jadp denote the cost achieved by the ADP policy.

A variety of methods, which we do not survey here, can be used to choose approx-

imate value functions (see, e.g., [19,47,109,143]). The goals in choosing approximate

value functions V̂t are the following.

• Ease of evaluation. The ADP policy should be easily evaluated, i.e., the min-

imization over u in (5.13) should be easy to carry out. For example, when the

stage cost is QP-representable, and V̂t are convex quadratic, evaluation of the

ADP policy reduces to solving a QP, for which there are very efficient methods.

• Performance. The ADP policy should attain near-optimal performance, i.e.,

Jadp ≈ J?. (A more modest goal is for the ADP policy to obtain good perfor-

mance, meaning Jadp is not too much larger than J?.) This would be the case if

Jadp is not much larger than J lb, the lower bound computed using the methods
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of §5.4.

One simple and general method for obtaining approximate value functions is to

find the (exact) value functions for a quadratic problem that approximates in some

sense or relaxes the original problem, for example, by ignoring portfolio constraints

other than equality constraints, as well as any part of the transaction cost that is not

quadratic (such as bid-ask spread). Then we use these value functions as approximate

value functions for the original problem.

5.5.1 Quadratic approximate dynamic programming

When the approximate value functions are convex quadratic, E V̂t(Rt+1(x + u)) is a

convex quadratic function, whose coefficients can be explicitly computed, using rt+1

and Σt+1. (This is shown in appendix A.2.) Thus, evaluating the ADP policy in

this case reduces to solving a convex optimization problem, with an explicit objective

function that does not involve expectation over returns.

A further simplification occurs when the stage cost is QP-representable. In this

case, evaluation of the ADP policy reduces to solving a QP, for which there are a

number of effective methods, already mentioned above. It can be shown in this case

that the ADP policy is a piecewise affine function of the current portfolio x [11], i.e.,

it has the form

φadp
t (x) = J itx+ kit, x ∈ Ri

t,

where {R1
t , . . . ,RN

t } is a polyhedral partition of Rn (cf. the optimal policy for the

quadratic case, given in (5.8)). This observation leads to another method for im-

plementing the ADP policy, called explicit MPC or multi-parametric QP [10, 104]:

We compute J it , k
i
t, and (the inequalities that define) Ri

t explicitly, off-line. On-line,

policy evaluation requires two steps. First, the region i containing the current port-

folio xt is determined; then the corresponding affine trading policy is applied. This

method works well when the number of assets is small (say, no more than around

5), but quickly becomes intractable for larger portfolios, since N grows exponentially

with n.
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5.5.2 ADP based on quadratic underestimators

The quadratic underestimators V lb
t found using the performance bounding method

described in §5.4 are natural candidates for approximate value functions in ADP.

Indeed, ADP policies using V̂t = V lb
t have been observed to perform well in many

practical applications, including variations on the multi-period portfolio optimization

problem considered here [180,183].

Let us summarize what is required to evaluate this ADP policy.

• Performance bound computation. We solve an SDP to obtain J lb, a lower bound

on J?, as well as the (coefficients of) quadratic approximate value functions V lb
t .

This SDP involves around T matrix variables of size n × n. This can be done

off-line, before the trading begins.

• On-line policy evaluation. In each period we solve a small QP, with around n

variables, which includes the current portfolio xt in its data, to determine which

trades to carry out.

The first task can involve substantial computation, but is carried out off-line; the

second task, which is carried out on-line in each trading period, can be done very

quickly.

5.6 Model predictive control

In this section we describe certainty-equivalent model predictive control (MPC), an-

other suboptimal policy for the multi-period investment problem. MPC is a widely

used and extensively studied suboptimal policy; see, e.g., [64,76,105,117,125,184]. It

can also be interpreted as an ADP policy, with an appropriately defined approximate

value function.

5.6.1 Policy

MPC is based on a simple idea. To determine ut, we replace all future (unknown)

returns with their mean values, rτ , τ = t+1, . . . , T . This turns the stochastic control
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problem into a standard optimization problem,

minimize
∑T
τ=t lτ (zτ , vτ )

subject to zτ+1 = diag(rτ+1)(zτ + vτ ), τ = t, . . . , T − 1

zt = xt

(5.14)

with variables zτ , vτ , τ = t, . . . , T . We solve this convex optimization problem to

obtain an optimal sequence of trades v?t , . . . , v
?
T−1. This sequence is a plan for future

trades over the remaining trading horizon, under the (highly unrealistic) assumption

that future returns will be equal to their mean values. The MPC policy takes ut =

φmpc(xt) = v?t . In other words, we execute the first trade in our planned sequence of

trades. At the next step, we repeat the process, starting from the new portfolio xt+1.

5.6.2 Implementation

Evaluating φmpc(xt) requires solving the convex optimization problem (5.14), which is

an optimization problem with 2(T−t)n variables. Using a generic optimization solver

that does not exploit sparsity structure, the computational effort required is order

(T − t)3n3 flops (floating-point operations). The MPC problem (5.14) can be more

efficiently solved by exploiting its structure. When the variables are appropriately

ordered, the linear equations that are solved in each step of an interior-point method

are block tri-diagonal, and can be solved with a computational effort that grows

linearly in T − t. In this case, the overall computational effort is order (T − t)n3 flops.

For details, see, e.g., [2, 124, 147, 181], which describe implementations of the MPC

policy for similar control problems. Note that the cost of evaluating the MPC policy

decreases with increasing t, since later in the trading interval our planning is done

over a shorter horizon. The total cost of the T evaluations of the MPC policy, for

t = 1, . . . , T , is order T 2n3 flops. In contrast, the total cost of T evaluations of the

ADP policy is order Tn3 flops.

Comparison with quadratic ADP policy. We can compare the computational

cost of the MPC and ADP policies. The main difference is that the ADP policy
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requires significantly more off-line computation, while MPC is more expensive to

evaluate on-line.

• Off-line pre-computation. The ADP policy requires solving a large SDP to find

the quadratic approximate value functions. This is done off-line, before the

trading policy is implemented on-line. In contrast, MPC does not require any

pre-computation. The only computation that is required is solving (5.14), which

is solved on-line at every time step.

• On-line policy evaluation. In ADP, after the quadratic approximate value func-

tions have been computed, on-line evaluation requires solving a QP with n

variables. The computational effort required is order n3 flops. In contrast, eval-

uating the MPC policy requires order (T − t)n3 flops (assuming we exploit the

sparsity structure).

Signals. There are computational advantages to using MPC in cases when (esti-

mates of) future return statistics are updated in real-time, using signals. In this case,

the expected returns rt are simply replaced with the most recent return estimates.

In contrast, for our quadratic ADP policies, when return statistics are updated, the

quadratic approximate value function must be re-computed, which requires solving

a large SDP. Our ADP policies can be extended to handle some real-time signals

without re-solving the SDP, but the method is more complicated, and is beyond the

scope of this work.

5.6.3 Interpretation as an ADP policy

Model predictive control is itself an ADP policy, and can be interpreted as a special

case of a method called rollout, a popular method in approximate dynamic program-

ming [13, §6.4] [14,15,165]. In rollout, the approximate value function is taken to be

the cost achieved by a heuristic policy called the base policy. In most cases, the cost

achieved by the base policy can only be evaluated via Monte Carlo simulation, i.e.,

by ‘rolling out’ possible sample paths.
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In MPC, the base heuristic is an open loop policy, where we compute an optimal

sequence of trades starting from an initial portfolio, assuming that the true returns

are equal to their mean values rt. In this base policy, the planned sequence of trades

is executed without recourse, i.e., the trades depend only on the initial portfolio.

Evaluating the cost achieved by this policy would require Monte Carlo simulation,

which is computationally intensive (We would need to evaluate the cost achieved over

a large number of return trajectories and average.)

Thus, in MPC a further simplification is to roll out only one return trajectory—the

trajectory of mean returns. We can write the MPC policy as

φmpc
t (x) = argmin

u

(
`t(x, u) + V mpc

t+1 (Rt+1(x+ u))
)
, t = 0, . . . , T,

where V mpc
t (z) is the optimal value of the problem (5.14), starting from xt = z

at period t. We can see that MPC can be interpreted as an ADP policy, with a

relatively complex approximate value function (given as the optimal cost of a convex

optimization problem).

For more details on interpretations of MPC, and connections to approximate dy-

namic programming and rollout, see [11, 13–16].

5.6.4 Truncated MPC

The MPC policy described above plans a sequence of trades for the full time interval

t, . . . , T . A common variation is to look ahead a limited number of steps, M , into the

future. At each time t we solve

minimize
∑t+M−1
τ=t lτ (zτ , vτ ) + V term

t+M (zt+M)

subject to zτ+1 = diag(rτ+1)(zτ + vτ ), τ = t, . . . , t+M − 1

zt = xt

(5.15)

with variables vt, . . . , vt+M−1, and zt, . . . , zt+M . Here, M is the number of steps of

look-ahead, and V term
t+M is the terminal cost (to be chosen). As with full look-ahead

MPC, we take φmpc
t (xt) = v?t and repeat the process at the next time step, starting
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from the portfolio xt+1. For t > T −M , we use the basic MPC policy (5.14).

An important parameter in this policy is the terminal cost V term
t+M . If this cost

is appropriately chosen, the truncated MPC policy is exactly the same as the full

look-ahead policy [11]. Common choices for terminal costs are approximate value

functions obtained via any approximate dynamic programming method.

The idea in truncated MPC is to trade off on-line and off-line computation. If the

number of steps of look-ahead M is large, we need a less accurate approximate value

function as our terminal cost, so less off-line computation is needed. On the other

hand, if we are willing to spend a lot of time off-line computing a good approximate

value function, we can set M � T and save significant computational effort on-line.

Thus, truncated MPC gives a family of policies that sit in between (full look-ahead)

MPC and ADP.

5.7 Numerical examples

In this section we present results for several numerical examples. We first describe

the five problems we consider.

5.7.1 Problem data

All five examples use zero initial portfolio x0 = 0, and impose a zero terminal portfolio

constraint: x+T = 0. The five examples use the same return distribution; they differ

only in the choice of stage cost function. Our first example is a quadratic problem, for

which we can compute the optimal policy exactly. The other four examples use the

same transaction cost terms, and differ only in the choice of portfolio constraints. All

examples involve n = 30 assets, over a time horizon of 100 time steps, i.e., T = 99.

Return distribution. The returns rt are identically distributed with log-normal

distribution,

log rt ∼ N (µ, Σ̃),
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where µ and Σ̃ are the mean and covariance of the log return. The return mean and

covariance are then given by

r = exp(µ+ (1/2) diag(Σ̃)), Σij = rirj(exp Σ̃ij − 1), i, j = 1, . . . , n.

The log return mean and covariance were chosen as follows. First we chose the

log return standard deviations (Σ̃ii)
1/2 from a uniform distribution on [0, 0.01]. We

then formed Σ̃ using

Σ̃ij = Cij(Σ̃iiΣ̃jj)
1/2, i, j = 1, . . . , n,

where C is a matrix of correlation coefficients chosen at random, with entries varying

from about −0.3 to +0.9. To form C we generate a matrix Z ∈ Rn×n with all entries

drawn from a standard Gaussian distribution, then form Y = ZZT + ζ11T , where

ζ > 0, and finally set

C = diag(Y
−1/2
11 , . . . , Y −1/2nn )Y diag(Y

−1/2
11 , . . . , Y −1/2nn ).

We chose ζ so that the entries of C are in the range we desire. The log return means

µi were chosen from a N (0, 0.032) distribution. The resulting mean returns ri ranged

from 0.95 to 1.08; the asset standard deviations (Σii)
1/2 ranged from 0.03 to 0.10.

Transaction cost. For simplicity we consider a transaction cost that does not vary

over time, i.e., ψt = ψ for t = 0, . . . , T . For the quadratic example, the transaction

cost is

ψ(xt, ut) = sTu2t + λ(x+t )TΣx+t ,

which includes a quadratic transaction cost and a quadratic risk penalty. For the

other examples, the transaction cost is

ψ(xt, ut) = cT (x+t )− + κT |ut|+ sTu2t + λ(x+t )TΣx+t ,
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which includes a quadratic risk penalty, a quadratic transaction cost, a shorting fee

and an absolute term to model bid-ask spread and broker commissions. The stage

cost for the quadratic example is smaller than the stage cost for the other examples,

since the additional terms are nonnegative. It follows that the optimal cost for the

quadratic example is a lower bound on the optimal cost for the other examples.

The parameter λ was set to 0.5; si, κi, and ci were sampled from uniform dis-

tributions on [0, 1], [0, 0.1] and [0, 0.05], respectively. These choices resulted in each

term giving a significant contribution to the over all objective.

Constraint set. For all five examples we have a zero terminal portfolio constraint,

i.e., CT = {0}. The quadratic case has no other constraints, i.e., Ct = Rn for

t = 0, . . . , T − 1. For the other four examples we take one of the following constraints

for t = 0, . . . , T − 1:

• Unconstrained: Ct = Rn.

• Long-only: Ct = Rn
+.

• Leverage limit: Ct = {x | 1T (x)− ≤ η1Tx}, with η = 0.3.

• Sector neutral: Ct = {x | Fx = 0}, with F ∈ R2×n; the rows of F are the

eigenvectors associated with the two largest eigenvalues of Σ.

5.7.2 Computation

Cost evaluation and simulation. For the quadratic example, we can evaluate

the optimal cost exactly, as V0(0), as well as the (affine) optimal policy. For the

other four problems we use Monte Carlo simulation to compute (approximately) the

objective value obtained by the ADP and MPC policies. For the quadratic example,

the estimate of objective obtained from Monte Carlo serves as a consistency check. To

evaluate the performance of the ADP policy we ran 50000 Monte Carlo simulations

for each example. Thus, Monte Carlo simulation of each example required solving

around 5 million small QPs. To evaluate the performance of the MPC policy we ran

5000 Monte Carlo simulations for each example, which required solving 500000 larger
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MPC QPs. (Of course we could have reduced the number of Monte Carlo samples we

needed to take by using one of the many variance reduction techniques, such as control

variates or importance sampling.) Our sampling was sufficient to obtain around three

significant figures of accuracy in our performance evaluations, as estimated by the

empirical variance in our estimates (reported below), and also verified experimentally

by re-running the simulations with different initial random number generator seed,

which yielded numerical results that agreed to three significant figures.

Convex optimization solvers. All computation was carried out on an Intel Xeon

processor, with clock speed 3.4GHz, running Linux.

We used CVX [78] to formulate the SDPs required to compute the performance

bounds, which in turn uses SeDuMi [164] to solve the transformed SDPs. To give an

idea of the solution times involved, consider the long-only example. The SDP required

to compute the performance bound had 474100 variables and 59096 constraints, after

transformation to a standard form SDP, and took about 24 minutes to solve. (An

optimized solver for this type of problem could have solved the SDP much more

quickly.)

To solve the QPs required to evaluate the ADP policies we used CVXGEN [122]

to generate extremely fast custom solvers. The QP that must be solved in each

time step to evaluate the ADP trading policy has 30 variables and 30 constraints;

transformed into a standard form QP it has 90 variables and 122 constraints. The

CVXGEN generated solver (which is single thread) solves such a problem in around

300µs. (And this computation time could easily have been reduced by a factor of 3

or more, using various tricks for high speed embedded solvers [120–122].) Thus, a

simulation run of 100 time periods requires about 30ms; running 50000 simulations

in series can be carried out in around 25 minutes. On the 8-core Xeon, the 5 million

QPs are solved in slightly more than 3 minutes. (Using CVX, the total time would

have been measured in days.) Of course, the Monte Carlo simulations are trivially

parallelizable, and could easily have been carried out on k processors with a speed-up

of around k.

Evaluating the MPC policy required solving much larger QPs, beyond the size



CHAPTER 5. MULTI-PERIOD INVESTMENT 115

Example Lower bound ADP performance MPC performance

quadratic -450.1 -450.0 -444.3

unconstrained -132.6 -131.9 -130.6

long-only -41.3 -41.0 -40.6

leverage limit -87.5 -85.6 -84.7

sector neutral -121.3 -118.9 -117.5

Table 5.1: Lower bound on performance, and ADP and MPC policy performance.

limits of CVXGEN. To solve these QPs quickly we used an operator splitting technique

known as the alternating direction method of multipliers (ADMM) [29], specialized to

the case of convex optimal control, and described in full in [138]. The QPs to be solved

to evaluate the MPC policy are larger at earlier time periods and get progressively

smaller as we approach the final period. For example, the QP solved at the first period

for the long-only example has 18243 variables and 9052 constraints (when converted

to standard form). It requires about 88ms to solve this QP using ADMM; solving the

same problem using CVX takes more than 3 minutes.

5.7.3 Performance bounds and policy performance

The results are summarized in table 5.1. The first column gives the lower bound

on performance computed using our method. The second and third columns give

the performance attained by the ADP and MPC policies, respectively, estimated via

Monte Carlo simulation. For the quadratic example, the lower bound is the optimal

performance; the ADP policy is in fact the optimal policy, so the ADP performance

entry for the quadratic example serves as a check on our Monte Carlo simulation

(which is consistent with our estimate of Monte Carlo error given below). In all

cases we see that the policies are very nearly optimal, since the lower bound and

performance obtained are very close. In any practical sense, our ADP and MPC

trading policies are optimal.
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Example ADP MPC

quadratic 30.9 40.3

unconstrained 9.6 9.9

long-only 7.1 7.2

leverage limit 9.8 9.9

sector neutral 8.9 9.9

Table 5.2: Empirical standard deviations of total cost for ADP and MPC Monte
Carlo simulations.

Monte Carlo error estimation. The empirical standard deviations for the ADP

and MPC Monte Carlo simulations are listed in table 5.2. For the quadratic problem

the positions typically involve higher leverage than for the other problems, resulting

in total cost with higher variance. For the quadratic problem, we can estimate that

the Monte Carlo error standard deviation is around 30/
√

50000 ≈ 0.13 for the ADP

simulations, and around 40/
√

5000 ≈ 0.6 for the MPC simulations. For the others,

we can estimate Monte Carlo error standard deviation as around 0.04 for the ADP

simulations and 0.14 for the MPC simulations. Re-running the entire set of simula-

tions, with different random number generator seed, yields numerical results entirely

consistent with these estimates of Monte Carlo errors.

Simpler methods. We also evaluated simpler policies for comparison. Our first

simple method was to ignore the transaction cost terms, which results in problems that

can be solved exactly, as described in §5.3.3. Since the ignored transaction cost terms

are nonnegative, this gives a lower bound on the performance, as well as a performance

value (evaluated including the transaction costs). The other simple method is to

use the (exact) value function for the quadratic example as an approximate value

function. Here too we get a lower bound, which is simply the optimal performance

for the quadratic example. Table 5.3 lists the lower bound obtained by ignoring the

transaction cost, the performance obtained when the transaction cost is ignored, the

lower bound attained by ignoring nonquadratic terms, and the performance obtained

when the quadratic value function is used in ADP. We can see that the bounds
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Ignoring transaction costs Ignoring nonquadratic terms

Example lower bound performance lower bound performance

unconstrained -4405 2.1× 106 -450.1 59.2

long-only -70.6 864.5 -450.1 162.3

leverage limit -241.4 4525 -450.1 219.5

sector neutral -4391 2.1× 106 -450.1 75.6

Table 5.3: Lower bounds and performance obtained by simpler policies, obtained by
ignoring transaction costs (first two columns), and by ignoring nonquadratic terms
(last to columns).

obtained are quite poor, with the exception of the long-only example, which is merely

bad. Note in particular that these simpler policies result in positive objective value

for all examples, meaning that they lose money money on average; they are worse

than not trading at all (i.e., taking ut = 0 for all t).

5.7.4 Simulation results and trajectories

In this section we give some more detail of the simulations, showing typical and aver-

age trajectories of various quantities over the investment period. These simulations

show that the problems are not simple, that none of the stage cost terms is negligible,

that the constraints are indeed active, and finally, that our ADP and MPC policies

are not obvious.

Tables 5.4 and 5.5 summarize average values for various quantities over the 100

time steps and 50000 simulations under the ADP policy, for each example. The

quantities are: gross cash in 1Tut, risk cost λ(x+t )TΣ(x+t ), quadratic transaction cost

sTu2t , linear transaction cost κT |ut|, and total long, short, and long-short positions.

These numbers show that each of the cost terms contributes to the overall objective

(except in the quadratic example). For the quadratic example, the stage cost does

not include a shorting fee or an absolute value transaction cost, so those numbers

are in parentheses; they are what we would have been charged, had these stage cost

terms been present.
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Example 1Tut λ(x+t )TΣx+t sTu2t cT (x+t )− κT |ut|
quadratic -9.00 0.77 3.73 (4.93) (0.70)

unconstrained -3.82 0.29 1.03 0.96 0.22

long-only -0.86 0.32 0.08 0 0.04

leverage limit -2.03 0.54 0.35 0.18 0.11

sector neutral -3.71 0.19 1.02 1.07 0.23

Table 5.4: Average of various quantities over all simulations under the ADP policy.

Example 1T (x+t )+ 1T (x+t )− ‖x+t ‖1
quadratic 164.16 168.76 332.92

unconstrained 80.93 47.76 128 .7

long-only 25.7 0 25.7

leverage limit 52.66 12.03 64.7

sector neutral 77.2 53.5 130.7

Table 5.5: Average of various quantities over all simulations under the ADP policy.
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To get an idea of the trajectories over the time horizon, figure 5.1 shows several

time trajectories for the leverage limit example under the ADP policy. The lighter

lines show 5 sample traces from the 50000 Monte Carlo simulations. The darker lines

are the average (or in the case of the leverage, the median) over all the runs. The

upper left plot shows the total value of the long and short positions (in blue and

red, respectively), and the upper right plot shows the leverage ratio. We see that the

leverage ratio saturates at the leverage limit, η, which is 0.3 in this case. The middle

left plot shows the gross cash in, and the middle right plot shows cumulative net cash

in. We can see that (on average) we put money into the portfolio over the first 12

or so steps; after that we derive income from the portfolio, and (of course) cash out

on the last step. The cumulative net cash at time T is our performance, for which

we have the lower bound of −87.5; this bound is shown with a red dashed line. The

bottom left plot shows the total of the quadratic, absolute value, and shorting costs,

which is relatively large in the beginning (while we set up our portfolio) and the end

(when we cash out). The risk cost is shown in the bottom right plot. This naturally

grows as we invest in the portfolio, and then shrinks as we cash out.

Figure 5.2 shows the distribution of total cost for the leverage limit example under

the ADP policy over the Monte Carlo simulations. The mean of this distribution is

the performance of the policy, shown as a solid blue line; the lower bound is shown

in red.
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Figure 5.1: Trajectories of various quantities for the leverage limit example under the
ADP policy.
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Example Nominal performance Worst-case performance

quadratic -450.0 -425.1

unconstrained -131.9 -123.4

long-only -41.0 -38.2

leverage limit -85.6 -80.3

sector neutral -118.9 -110.8

Table 5.6: ADP policy performance with perturbed return distribution.

5.7.5 Robustness to model parameters

Here we show that the performance of our ADP policies is not particularly sensitive

to the return distribution parameters, even though our problem formulation does not

include any explicit robustness requirement. To do this we carry out 10 additional

sets of 5000 Monte Carlo simulations for each example, drawing the returns in each

Monte Carlo simulation from a log-normal distribution with perturbed mean return

rpertt . (We can think of rt as our estimate of the returns, and rpertt as the true mean

return.)

The 10 perturbations were found as follows. We used log return mean µpert = µ+δ,

where µ is the log return mean used in development of the ADP policy, and δi were

sampled from a uniform distribution on [−0.003,+0.003]. Since µi ∼ N (0, 0.032),

this perturbation amounts to a change of log return means that ranges from around

1% to a factor of 5, including cases in which the signs of µi and µpert
i are different. (In

other words, a few assets that are ‘winners’ under the assumed distribution become

‘losers’ under the perturbed return statistics, and vice versa.) Thus, the perturbation

of the return distribution is not small.

The results are summarized in table 5.6, which gives the worst performance values

over the 10 perturbed cases. These values are a bit worse than the nominal values,

as expected, but quite respectable given the fairly large perturbation of the return

distribution. (The average performance values over the 10 perturbations are very

close to the nominal performance values.)
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5.7.6 Robustness to return distribution

Our performance bounds and policies depend only on the first and second moments of

the return distribution, whereas the performance obtained by our policies can depend

on higher order moments of the return distribution. In this section we demonstrate

that the performance obtained by our policies is not particularly sensitive to these

higher order moments, in particular, when the returns come from a distribution with

substantially larger tails than a log-normal.

We evaluated the performance of the ADP policy, with the returns sampled from

a heavy-tailed distribution with identical first and second moments to the original

log-normal distribution (so our numerical bounds are unchanged). We generated the

new returns as

log r̂t ∼


N (µ1, Σ̂) w.p. 0.8

N (µ2, 10Σ̂) w.p. 0.2

where µ1, µ2 and Σ̂ were chosen so that the first and second moments of r̂t matched

those of the original distribution. Intuitively, with probability 0.2 the system experi-

ences a significant ‘event’ that typically moves the asset prices much more drastically

than usual.

Figure 5.3 compares the original and the heavy-tailed distribution of the returns of

the first asset. The average kurtosis, or fourth standardized moment, of the returns

increased from 3.1 for the original distribution to 8.8 under our new distribution,

indicating a distribution with heavier tails. Table 5.7 summarizes the performance

of the ADP policy under the original and new heavy-tailed distribution for our five

examples. The performance of the policy under the new distribution was evaluated via

Monte Carlo with 5000 samples. The performance under the heavy-tailed distribution

was almost identical to, and in some cases better than, the original performance.
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Figure 5.3: A comparison of return distributions for the first asset.

Example Original performance Heavy-tailed return performance

quadratic -450.0 -450.6

unconstrained -131.9 -132.0

long-only -41.0 -41.0

leverage limit -85.6 -85.5

sector neutral -118.9 -118.8

Table 5.7: ADP policy performance with heavy-tailed return distribution.
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5.8 Summary

In this chapter we formulated the multi-period portfolio optimization problem as a

convex stochastic control problem with linear dynamics. Our model captures many

features of real multi-period portfolio optimization problems, including limits on lever-

age, complex transaction costs, and time-varying return statistics. (Features that are

not captured by our model include minimum allowed nonzero positions, nonconvex

transaction costs, price momentum, and multi-period price impact.) Our formal

model does not include the use of signals, i.e., on-line updating of the problem pa-

rameters during the trading period; we discuss this below.

We used recently developed methods based on LMIs to compute a performance

bound—a specific number—for any particular multi-period portfolio problem. This

performance bound can be used as a yardstick against which the performance of

any policy can be judged. As a by-product of the performance bound computation,

we obtain a quadratic approximation of the value functions, which can be used as

the approximate value functions in an ADP policy, or as a terminal cost in an MPC

policy. Both the ADP and MPC policies require the solution of a convex optimization

problem, typically a QP, to compute the trades to be executed in each step.

We do not currently have an upper bound on how far our performance bound

will be from the performance of the ADP or MPC policies. At the moment, all we

can do is evaluate the bound, and the performance of the ADP or MPC policies,

for any particular multi-period portfolio optimization problem, and subtract them

to obtain a gap. We would welcome a result that upper bounds the gap, based on

general features of the problem (such as dimensions, or type of stage cost). Such a

result would likely require further assumptions about the stage costs and constraints;

moreover, it would be unlikely to be sharp enough to be of practical use.

In numerical examples, however, we have seen that the gap is very small, which

means that our ADP and MPC policies (and bounds) are nearly optimal for the

particular problem instances we consider. We certainly do not claim that the gap will

always be small; we merely observe that it often is. Even for problem instances with

a larger gap (such as, say, a factor of two), the method seems to us to be very useful:
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It provides a good (if not known to be nearly optimal) trading policy, along with an

upper bound on how suboptimal it can be (in this case, a factor of two).

Our methods are easily implementable, thanks to recent advances in convex op-

timization parser-solvers for solving complex SDPs, and code generation tools for

generating extremely fast solvers for policy evaluation. In particular we rely on CVX,

which calls SDP solvers SeDuMi or SDPT3, and CVXGEN, which is a code genera-

tion system for QPs. Without these tools, a user would have to manually transform

the SDPs into standard form, and manually write custom solvers for policy imple-

mentation (which would take days, if not months). Instead, CVX and CVXGEN

allow us to formulate, solve, and implement the policies with relatively little coding,

and then carry out extensive Monte Carlo simulation in no more than a few hours,

using a standard desktop computer.

We have focused specifically on QP representable problems in this chapter, but

the same methods extend easily to general convex stage costs and constraints. In

fact, even when the problem is nonconvex, we can still obtain suboptimal policies

and performance bounds, via simple relaxations and approximations. For the single

period problem, [112] outlines several approaches for handling nonconvex costs.

In our numerical examples, we have seen that our method is quite robust to

uncertainties; for instance, when we do not have an accurate model for the return

distribution. Robustness can also be directly incorporated into the stochastic control

problem, in the computation of the bounds and approximate value functions.

There are more sophisticated methods for both finding performance bounds, as

well as approximate policies, which we have not mentioned in this chapter [135,180].

But these more advanced methods are not needed for the examples considered, since

the gap between policy performance and lower bound is small.

We close by addressing again the issue of signals, which are not part of our formal

model. Incorporating signals in a formal model is complicated, since it involves the

joint distribution of returns and signals. Even if we did incorporate signals into our

formal model, it is not clear how much practical significance the optimal performance

J? would have, since in practice we would certainly not know very much about the

joint distribution of signals and returns. Incorporating signals into our formal model
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would break much of our analysis, including our lower bound calculations based on

Bellman inequalities.

On the other hand, it is easy to think of ways in which updated estimates of future

problem data (i.e., stage costs and return statistics) can be incorporated. For an MPC

policy it is trivial to incorporate changing estimates of future return statistics: We

simply use the most recently future return statistics estimates in the policy, as it is

evaluated. This approach has no additional computational cost. For an ADP policy,

we would need to re-do the policy synthesis whenever future estimates change, solving

a new SDP to find new quadratic approximate value functions.



Part V

Conclusion
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Chapter 6

Extensions and Conclusions

In this dissertation we developed two control policies for stochastic control problems,

and an algorithm for solving optimal control problems. We then applied these tech-

niques to a practical example. Here we offer some concluding remarks.

6.1 Approximate dynamic programming policies

In part II of this thesis we developed two suboptimal control policies for stochastic

control problems that use approximate dynamic programming (ADP). In ADP we

search for an easily representable surrogate value function, that provides a tractable

and close-to-optimal policy. Both of the policies we developed relied on the iterated

Bellman inequality, which provides a sufficient condition for lower-boundedness on

the true value function: Any function that satisfies the iterated Bellman inequality

belongs to a family of pointwise underestimators of the true value function. In certain

cases the iterated Bellman inequality define a convex constraint on the parameters

we use to define the surrogate value function.

We referred to the first policy we developed as the min-max ADP policy. The min-

max ADP policy uses the pointwise supremum over the family of lower bounds as the

surrogate value function. Evaluating the control policy at each iteration amounts to

solving a min-max or saddle-point problem, which, for the cases we considered, was

a convex optimization problem. We provided examples to show the performance of

129
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the policy.

The second policy we developed was referred to as the iterated approximate value

function policy. The generation of this policy requires two steps. In the first step

we simultaneously compute a trajectory of moments of the state and action and

a sequence of approximate value functions optimized to that trajectory. This pre-

computation is performed off-line. The next step is to perform control using the

generated sequence of approximate value functions. This amounts to a time-varying

policy, even in the case where the optimal policy is time-invariant.

The evaluation of these policies requires the solution of a convex optimization

problem at each iteration. There has been much progress recently on fast solvers,

custom tailored solvers and solvers designed for embedded applications [52, 89, 122,

138,181,182]. With these advances our policies can realistically be applied at kilohertz

rates or higher, even for large problems, making them feasible for use in a broad range

of applications.

We focused primarily on the case of linear, time-invariant dynamics and con-

vex stage-cost. However, the techniques apply much more generally. For example,

the policies and bounds are readily extensible to cases with time-varying and ran-

dom dynamics and stage cost, and where the dynamics function and stage cost are

polynomial functions. In the case of polynomial dynamics and stage cost we can use

sum-of-squares polynomials and Stengle’s Positivstellensatz [163] to derive a sufficient

condition on the Bellman inequality to hold (indeed the S-procedure is a special case

of a Positivstellensatz refutation).

6.2 Operator splitting for control

In part III we introduced the operator splitting for control (OSC) algorithm, which

solves optimal control problems quickly and robustly, The technique we develop relies

on a form of operator splitting, known as Douglas-Rachford splitting or the alternating

direction method of multipliers. By choosing a particular splitting we are able to

exploit the inherent structure of the problem. This results in an algorithm that

alternates between solving a quadratic control problem, for which there are efficient
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methods, and solving a set of single-period optimization problems, which can be

done in parallel, and often have analytical solutions. Small problems are solved in

a few milliseconds or less; example problems with on the order of 10000 variables

are solved in tens of milliseconds. The speedup of this algorithm over other solvers,

including fast custom solvers tailored for one particular problem type, range from

tens to thousands. Widespread adoption of MPC in practical applications has been

limited by the time required to find the control input at each iteration. The speedup

that this technique obtains over other algorithms extends the range of MPC to new

applications that require control at rates previously infeasible.

When the dynamics data do not change, our method yields a division-free algo-

rithm, which can be implemented in fixed-point arithmetic. This is important for

embedded applications, where floating point calculations may be impossible or pro-

hibitively expensive, e.g., on an FPGA.

There are many directions to explore to increase performance of the splitting tech-

nique. An open question is how to find the optimal choice of the step-size parameter,

which we denoted ρ. In our experiments we tuned ρ off-line, which is practical for

most cases. But the question remains: Is there an easy way to select ρ, either a-priori

given the problem data or adaptively as the algorithm progresses? Indeed, we could

replace ρ with a diagonal or full-rank square matrix, in which case the problem would

be to find the coordinate transformation that provided the fastest convergence. This

important question is still an area of active research [67].

Another important open question relates to so-called ‘Nesterov acceleration’. In

1983 Nesterov demonstrated a simple technique to accelerate the convergence rate of

first order convex optimization algorithms applied to smooth functions [130]. ADMM

may be interpreted as a first order algorithm on the dual, and one would expect an

analog of Nesterov acceleration to provide a significant speedup. If such a scheme

existed it could dramatically reduce the number of iterations required to reach a

certain accuracy with negligible additional computation. Many authors have looked

at this problem with some success [72,73,75], however a general scheme is still lacking.
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6.3 Multi-period portfolio optimization

In part IV we applied the techniques developed in previous parts to a practical exam-

ple. Our example was that of dynamic trading a portfolio of assets in discrete periods

over a finite time horizon, with arbitrary time-varying distribution of asset returns.

The goal was to maximize the total expected revenue from the portfolio, while re-

specting constraints, such as a required terminal portfolio and leverage or risk limits.

The revenue took into account the gross cash generated in trades, transaction costs,

and costs associated with the positions, such as fees for holding short positions. Our

model had the form of a stochastic control problem with linear dynamics and convex

cost function and constraints. While this problem can be tractably solved in sev-

eral special cases, such as when all costs are convex quadratic, or when there are no

transaction costs, our focus was on the more general case, with nonquadratic cost

terms and transaction costs. We applied the iterated AVF policy as well as MPC

using OSC. We showed that both policies can be implemented quickly and obtain

very close to optimal performance.

The purpose of this example was to illustrate the policies developed in previous

chapters. However, the treatment brings up practical questions about using stochas-

tic control in multi-period portfolio optimization. One such question is how best to

incorporate changes in the estimates of our risk or returns. MPC can adapt immedi-

ately, but the other policies may require the pre-computation to be redone. Another

open question is how best to incorporate correlations across time-periods into either

policy. Augmenting the state to allow for such correlations renders the dynamics

non-linear. Although the iterated AVF policy can be extended to handle polynomial

dynamics, the practical performance is unknown.
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Appendix

A.1 S-procedure

Let fi, i = 0, . . . ,M be (not necessarily convex) quadratic functions in the variable

x ∈ Rn,

fi(x) = (1/2)

 x

1


T  Pi pi

pTi qi


 x

1

 .
We seek a condition on the coefficients P0, p0, q0 under which f0 is nonnegative on

the set defined by the quadratic inequalities and equalities

C = {x | f1(x) ≥ 0, . . . , fr(x) ≥ 0, fr+1(x) = · · · = fM(x) = 0},

i.e.,

f0(x) ≥ 0, ∀x ∈ C. (A.1)

Condition (A.1) can be thought of as an infinite number of inequalities in the coeffi-

cients P , p and q (one for each x ∈ C).
An obvious sufficient condition for (A.1) is the existence of λ1, . . . , λr ∈ R+,

λr+1, . . . , λM ∈ R, for which

f0(x) ≥
M∑
i=1

λifi(x), ∀x ∈ Rn.
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(This follows immediately, since the righthand side is nonnegative for x ∈ C.) This

sufficient condition can be written as a linear matrix inequality

 P0 p0

pT0 q0

− M∑
i=1

λi

 Pi pi

pTi qi

 � 0,

in the variables P0, p0, q0, and λ1, . . . , λM . (We also have nonnegativity constraints on

λ1, . . . , λr.) Thus, the S-procedure gives a sufficient condition for (A.1) that involves

a single LMI in the coefficients P0, p0, and q0, as well as the (multiplier) variables

λ1, . . . , λM .

A.2 Expectation of quadratic function

In this appendix we show that when h : Rn → R is a convex quadratic function, say,

h(x) = (1/2)

 x

1


T  P p

pT q


 x

1

 ,
with P � 0, so is g(x, u) = Eh(Rt+1(x+ u)). In fact, we will derive explicit formulas

for the coefficients of g,

g(x, u) = (1/2)


x

u

1


T 

A B a

BT C c

aT cT d




x

u

1

 , (A.2)

that only require knowledge of the mean and covariance of rt+1. To show that g has

this form, we first observe that

h(Rt+1(x+ u)) = (1/2)


x

u

1


T 

Rt+1 0

Rt+1 0

0 1


 P p

pT q


 Rt+1 Rt+1 0

0 0 1



x

u

1
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= (1/2)


x

u

1


T 

Rt+1PRt+1 Rt+1PRt+1 Rt+1p

Rt+1PRt+1 Rt+1PRt+1 Rt+1p

pTRt+1 pTRt+1 q




x

u

1

 .

Taking expectation over Rt+1 we see that g has the form (A.2) above, with

A = B = C = ERt+1PRt+1 = P ◦ (Σt+1 + rt+1r
T
t+1),

a = c = ERt+1p = p ◦ rt+1, d = q,

where ◦ denotes the Hadamard (elementwise) product. This quadratic function is

convex, since P ◦(Σt+1+rt+1r
T
t+1) � 0 (which follows from the fact that the Hadamard

product of symmetric positive semidefinite matrices is positive semidefinite).

A.3 Partial minimization of quadratic function

In this appendix we show that partial minimization of a quadratic function over some

of its variables, subject to linear equality constraints, results in a quadratic function

in the remaining variables, whose coefficients are readily computed. In addition, we

will show that the minimizer can be expressed as an affine function of the remaining

variables, whose coefficients are readily computed.

Suppose g : Rn ×Rn → R is a convex quadratic function,

g(x, u) = (1/2)


x

u

1


T 

A B a

BT C c

aT cT d




x

u

1

 .

Let us consider minimization of g over u, subject to Fx + Gu = h, with h ∈ Rk.

(We assume that such a minimizer exists.) Let h(x) denote the minimum value, as a

function of x.
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Necessary and sufficient optimality (KKT) conditions are

 C GT

G 0


 u

y

 = −


 c

h

+

 BT

F

x
 ,

where y ∈ Rk is a dual variable associated with the equality constraint. It follows

that  u

y

 = −

 C GT

G 0


†
 c

h

+

 BT

F

x


is a minimizer, where (·)† is the Moore-Penrose pseudo-inverse. (When the KKT

matrix is nonsingular, the pseudo-inverse becomes the inverse, and the minimizer is

unique.) This shows that u (a minimizer, or the minimizer when it is unique) is an

affine function of x, which we can write as

u = Jx+ k.

Substituting this expression into g we find that h is (convex) quadratic,

h(x) = (1/2)

 x

1


T


I 0

J k

0 1


T 

A B a

BT C c

aT cT d




I 0

J k

0 1


 x

1

 .

A.4 LMI sufficient condition for Bellman inequal-

ity

We can write a single Bellman inequality in the form

V ≤ T V +,
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which equivalent to

V (x) ≤ 1Tu+ ψ(x, u) + EV +(R(x+ u)), (x+ u) ∈ C.

(Here we drop all time indices for notational simplicity.) We assume that ψ is convex

quadratic,

ψ(x, u) = (1/2)


x

u

1


T 

A B a

BT C c

aT cT d




x

u

1

 ,

with  A B

BT C

 � 0.

The constraint set C defined by quadratic equalities and inequalities,

C = {x | g1(x) ≤ 0, . . . , gr(x) ≤ 0, gr+1(x) = · · · = gM(x) = 0},

where

gi(x) = (1/2)

 x

1


T  Gi fi

fTi hi


 x

1

 , i = 1, . . . ,M.

We assume V and V + are convex quadratic,

V (x) = (1/2)

 x

1


T  P p

pT q


 x

1

 , V +(x) = (1/2)

 x

1


T  P+ p+

p+T q+


 x

1

 ,
with

P � 0, P+ � 0.
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Using the result in appendix A.2, we can write the Bellman inequality as

(1/2)


x

u

1


T 

Ã B̃ ã

B̃T C̃ c̃

ãT c̃T d̃




x

u

1

 ≥ 0, (x+ u) ∈ C,

where

Ã = A+ P+ ◦ (Σ + rrT )− P

B̃ = B + P+ ◦ (Σ + rrT )

C̃ = C + P+ ◦ (Σ + rrT )

ã = a+ p+ ◦ r − p

c̃ = c+ 1 + p+ ◦ r

d̃ = q+ + d− q.

We note that (the coefficients of) Ã, B̃, C̃, ã, c̃ and d̃ are affine functions of (the

coefficients of) V and V +.

Applying the S-procedure (appendix A.1), a sufficient condition for the Bellman

inequality is the existence of λ1, . . . , λr ∈ R+, and arbitrary λr+1, . . . , λM ∈ R for

which 
Ã B̃ ã

B̃T C̃ c̃

ãT c̃T d̃

 �
M∑
i=1

λi


Gi Gi fi

Gi Gi fi

fTi fTi hi

 . (A.3)

This is an LMI in the coefficients P , p, q, P+, p+, q+, and λ1, . . . , λM .
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A.5 No-trade region

We define the no-trade region for a policy φt in period t as the set of portfolio values

in which the policy does not trade:

Nt = {x | φt(x) = 0}.

In this appendix we observe that for the quadratic ADP policy, the presence of linear

transaction cost terms in the stage cost lead to Nt typically having nonempty interior.

For the ADP policy (5.13), Nt is the set of portfolios x for which u = 0 minimizes

`t(x, u) + E V̂t(Rt+1(x+ u)).

When V̂t is quadratic, the second term is convex quadratic, so we can write it as

(1/2)(x+ u)TPt(x+ u) + pTt (x+ u)

where Pt � 0. The necessary and sufficient condition for u = 0 to minimize the

function above is then

0 ∈ ∂u`t(x, 0) + Ptx+ pt,

where ∂u denotes the subdifferential with respect to u.

Now suppose that

`t(x, u) = ˜̀
t(x, u) + κT+(u)+ + κT−(u)−,

where ˜̀
t is differentiable in u for fixed x, κ+ > 0, κ− > 0, and (for simplicity) Ct = Rn.

In other words, the stage cost contains a linear transaction cost term (with nonzero

cost rates). The subdifferential of the linear transaction cost term at u = 0 is the

rectangle in Rn given by [−κ−, κ+], so the no-trade region is characterized by

−
(
∇u

˜̀
t(x, 0) + Ptx+ pt

)
∈ [−κ−, κ+]. (A.4)

In this case, there is a simple interpretation for the no-trade region. We interpret the
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lefthand side as the vector of marginal values of trading the assets in period t; we do

not trade when the marginal values are smaller than the linear transaction cost rates.

When the lefthand side above (i.e., the marginal utility) is a continuous function

of x, and its range intersects the open rectangle (−κ−, κ+), we conclude that Nt has

non-empty interior.

Short-circuiting. We can use the characterization (A.4) of the no-trade region to

(sometimes) speed up the evaluation of φt(xt). We first check if (A.4) holds; if so, we

return ut = 0 as the optimal trade vector. If not, we solve the convex optimization

problem required to determine the (nonzero) value of ut. This trick does not speed

up the worst-case time required to evaluate the policy, but it can reduce the average

time to evaluate it, if in many periods the policy does not trade. This can be useful

in simulations, for example.
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